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A semi-Lagrangian Methed applied te baretrepic ferecasts at 500mb,
By J. S. Sawyer and J. Pertnall.

Intreductien

In a previeus paper (Sawyer, 1960) a semi-Lagrangian methed was prepesed
fer the selutien ef the verticity advectien equatien and its advantages
demenstrated en analytical fields used te represent 500mb height distributiens.
The present paper reperts the applicatien ef a similar cemputing technique te
ten real 500mb height distributiens. The first calculatiens revealed that the
procedures develeped en the analytical fields led te substantial errers when
applied te practical ferecasting mainly as a result ef inadequate representatien
of the verticity advected inte the cemputing area acress the inflew beundary,
but alse en acceunt ef the irregular greuping ef the peints te which verticity
values were attached and which were traced during the cemputatien. The precedure
eutlined in sectien 2 incerperates medificatiens necessary te everceme these
difficulties.

The semi-Lagrangian precedure leads te ferecasts ef similar accuracy te
these ebtained by the mere usual Eulerian methed and permits a time-step of 6
heurs. Significant differences between the twe selutiens arise. Seme of these

are attributable te the different troat-onx of beundary cenditiens but othsrs

can be asseciated with truncatien errers te be expected in the Eularinl oclution. f*




by Jenes (1962).

At the cempletien eof the integratien fer \,{/ with respect te time the field
eof 500md height was recenstructed by selving equatien (1) as a Peissen equatien
for h in terms of '/ assuming that the beundary values ef h were unchanged.

The verticity advectien equatien which is the basis ef the baretrepic medel

fer numerical ferecasting is
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and f is the Cerielis parameter. These equatiens pese exactly the same problem
as treated in the experiments en analytical fields (Sawyer, 1960) and were selved
in a similar manner. They cerrespend te the advectien ef the abselute verticity,
7, , By a wind field given by i = 5 x Vy

The steps taken in the ceurse of the semi-Lagrangian methed &f integratien

may be summarised as fellews:-

(i) Perm a list ef fluid elements and list the asseciated abselute verticity,

77 , calculated frem the initial stream functien, \f/ .
(ii) Calculate the advecting field, X , frem \{/ .
(iii) Interpelate V te the pesitiens of the fluid elements.

(iv) Calculate the displacements ef the fluid elements and their new puitiom :

af'ter ene time step.
(v) Delete frem the list ef fluid elements these leaving tht ma Qf,ﬂit
o.nphtim ;ru, and uu tu the list additioml e




The precedure clesely fellewed that ef Sawyer (1960) except at step (vi)

and is given ip mere detail belew, The fellewing netatien is used:-
2

|
V is the finite difference appreximatien te the eperater |, . Thus

A\ h-’ ',,/', . Y, Y ‘;~ A , where h is the grid-length
/, ¥, etc. are the values ef the stream functien, '/ , at an array ef
peints as arranged in Fig. 1.
I,

'I,'r is the finite difference appreximatien te the verticity ef the T fluid
element at its initial pesitien.
T is the time-step.
Step 1: The initial list ef fluid elements centained ene entry fer each peint
of the basic grid, excluding beundary pointl1. With each fluid element was
asseciated its initial abselute verticity which remained unaltered during the
calculatien. This was calculated frem the simple finite difference appreximatien
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Step 2: Fellewing Fjerteft (1955) and Wiin-Nielsen (1959) advectien was carried
/
eut using winds derived frem a smeethed stream functien, \// , where (in the
netatien ef Fig. 1)
7 J ¥ 43 4 tide Y

Gl it o ) )

Advecting velecities at grid peints were calculated using simple twe-peint
finite differences (centred differences were used except at beundary peints where
sne-sided differences were necessary).




-

J

{ 2 el Ll ‘l
= (j,us-,)l[(,-z-);,_ eyl g i T A e Pred it I3

r

Suffices refer te pesitiens in Figure 2 and g may represent either U er U : .

At each time step except the first, the value of the ceerdinates ef each

fluid element fer use at the next time step were calculated frem the centred

difference relatiens
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where X and ",”are preliminary values fer use at the next time step. The

/ /
value of X  was, hewever, subsequently cerrected when [/ _had been calculated te

give an impreved value.
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At the first time step uncentred differences were used in place eof (9).

)(,( = X + W, T
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The cemputing pregramme alse centained facilities te repeat the secend

time step, se that estimates ef a,’ and 2 ‘ceuld e included in the cemputatien

eof the pesitiens ef the fluid elements at the end of the first time step

by means eof equatiens (9) befere the cemputatien preceeded. This was expected te

reduce the error intreduced by the first uncentred time step and the medificatien

was used in the experiments described in later sectiens.

Step 5: ALl fluid clements with new ceerdinates eutside the beundary ef the

3




’m BIL (i)) was as fellews. The inf’ln wlooity nermal te the h\nhry,

b;' , was cemputed at the first interier rew ef peints frem the stream functien
at the initial stage. New fluid elements were intreduced at time step, n, if
A nT//z had increased beyend a new integer since time step, m - 1, (thus new
fluid elenenti were intreduced every time a fluid element meving inwards with the
nermal velecity ) weuld have cressed a grid line parallel te the beundary).
The verticity attributed te the new fluid element was the verticity ef the initial
field at the peint frem which it was initiated. If " / "4 increased past twe
or mere integral values in ene time step, twe er mere new fluid elements were
intreduced at peints apprepriately displaced inte the computatien area aleng the
initial wind vecter at the inflew peint.

Step 6: The precedure adepted te recenstruct the distributien ef verticity
frem the list ef fluid elements was medified frem that adepted by Sawyer (1960)
because on seme eccasiens fictitieus cencentratiens ef the fluid elements arese
frem truncatien errer in the flew which sheuld have been nen-divergent. The
precedure was therefere based en the average verticity ef the fluid elements in
the neighbeurheed ef each grid peint (rather than en the tetal verticity en

the fluid elements in the neighbeurheed) but steps were alse taken te censerve
the tetal verticity within the cemputatien area. In detail the precedure was

as fellews.

(a) For each fluid element, fer ennple at peint P in Fig 2, the abselute
vortid.ty7 is allecated te the cermer peints O, 1, 2 and 5 ef the square in which
it lies by multiplying by (41 -2)(1 =8), r(1 = 8), (1 =r)s and rs rupctinly
w the verticity apprepriate te each grid peint is determined frem

=Fr :‘q,(r;:fﬂ/z e summatien is ever all the fluid elements in
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(d) The value of the relative veorticity is cemputed from

Step 7: The new field of the stream functien /' is calculated from the field

of relative verticity frem the equation

Vi = 7 ekl

which is selved by the usual iterative Liebmann process. Linear extrapelation
with respect to time is used to produce a first guess for )L‘ﬁ_ after the secend
time-step and ever-relaxatien by a factor eof 4/3 is employed. Beundary values
of \f/t. were maintained unchanged. Twenty iterations were found adequate at
each time step.
Bepults

Baretrepic ferecasts have been carried out for the 500mb level on ten syneptic
situations using the pregramme (BIL(I)) en METEOR designed te empley the semi-
Lagrangian methed described in Sectiem 2. Results ef similar baretrepic ferecasts
for these eccasiens were available frem the programme (BIX) which uses the
cenventiensl finite difference methed of selving equatiens (2) and (3). Seme
statistics ef the results are centained in Table I. These statistics apply te u‘;v
mmlfﬁX!zuilhutut“ ﬁmtilﬂib- muﬁw
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similar. This is understandable when it is realised that at the western m

cheese between the statistics ef success ef the twe metheds, except that the

r.m.s. height errer dees tend te be larger when the semi-Lagrangian methed is
used. Hewever, the cerrelatien ceefficient between predicted and ebserved changes
is slightly higher with the semi-Lagrangian methed.

The error distributiens in the ferecasts computed by the twe metheds are
essentially similar in their large-scale features, this cemmen part ef the errer
field arising, presumably, frem the deficiencies eof the baretrepic medel.
Differences between the twe sets of ferecasts arise in twe ways:- (a) frem the
difference in the beundary cenditiens used in the twe cemputing techniques and
(») frem differences im the appreximatien te the selutien ef equatien (2). Te
seme extent these twe effects can be distinguished and will be censidered separately
below.

Errers arising frem beundary cenditiens

In weth the semi-Lagrangian and cenventienal Eulerian techniques the beundary
values ef the 500ub height and stream functien, W , are retained unchanged
during the integratiem with respect te time. Hewever an additienal cenditien is
needed where air is entering the area. In the Eulerian technique this is previded
by the assumptien that the stream functien, '}/ , is unchanged at the first interier
rew of the mesh, This cenditien is apylied at beth inflew and eutflew peints
and the preblem is everspecified at the latter. In the semi-Lagrangian technique
the secend beundary cenditiem is previded sy specifying the verticity ef the

iatlud.nc air as equal te the initial verticity.

All of these assumptiens are false and intreduce errors inte the ferecasts.
At the inflew beundary the errers intreduced inte the twe metheds are mth.r

umm-&u th-wud.tyatmﬂrat nw:-nhonlm“ltm
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seme distance inwards frem the inflew beundary. This is illustrated by the

extreme case eof 16 Pebruary 1959, Figs. 5(a) - (d) in which the semi-Lagrangian
forecast had much larger errers than the Eulerian ferecast. These arese very largely
frem the western boundary en which there was streng cyclenic verticity en the
initial chart. Beth metheds advected the verticity inte the area and fermed a
tWh which was tee intense and tee far seuth, But the effect was mere serious
in the Lagrangian methed in which the full verticity advectien was maintained
threugheut the ferecast. In fact the treugh line moved inte the area and the
cyclenic advectien was replaced by the advectien of anticyclenic verticity em
the beundary during the peried.
Apart frem this ene wad case the relative magnitudes eof the inflew beundary
errers in the twe techmiques seems te e largely fertuiteus with perhaps seme
tendency fer the errers eof the semi-Lagrangian ferecasts te e sualler. A simpler
semi-Lagrangian scheme in which air entering the area was assumed te have zere
relative verticity suffered much larger errers than beth the scheme described
in Sectiem 2 and the Eulerian methed.
At the eutflew beundary the everspecificatien ef the boundary cenditiens
leads te censiderable irregularity in the Eulerian ferecasts in the rews adjacent
te the weundary. This effect dees net arise im the semi-Lagrangian ferecasts
which are entirely smeeth. Beundary errers of this type can be seen in the upper
right ef Pig. 5(d) (Eulerian ferecast) but de net appear in the cerrespending
semi-Lagrangian ferecast Pig. 5(e).
: Frem the calculatien upen artiﬂ.cill stream functiens represented by Sy
mrm(mr, 1960) itnllibcxpntoithat «mnumm-;m -
fmm»huhwmmmmsmmnmut '




difference apparent.

Table II - Average computed displacements ef isebaric features.

Mean displacement (n.m)
Calculated Calculated Ne, ef
BIL(I) BIS Actual examples
Semi-Lagrangian Cenventienal finite-
differences
Lews 332 330 318 12
Treughs 230 230 230
Highs 280 270 : 213 3
Ridges 512 437 ’ 427 b4

A netewerthy difference in the cemputed displacement ef "lews" by the twe

metheds was hewever neted. This is a tendency fer the cenventienal finite difference

methed te lead te a track te the right ef that predicted by the semi-Lagrangian
methed. The same effect was feund in the cemputatiens en analytical ferms
(Sawyer, 1960) and was then attributed te the distertien ef the prefile of the
stream functien threugh the "lew" as a result ef truncatien errer; this tends
te build up large wind velecities in the rear of the lew and leads te an erreneecus
displacement te the right.

In general the pesitien ef isebaric features predicted by the semi-Lagrangian
methed appeared to be better than that ef the Eulerian methed. It was classed
as better in respect of 11 features, as geed for 5 features and werse fer b

A particularly interesting case is that ef ferecasts based on the situatien
_» m G.M.T. en 27 Octeber 1959, and is um-mm in Pigs. 6(a) - (d). 'rhc
qfnlnnmm tho)r:tti.hlllawu Metd umw
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of their preper track has already been remarked.

Anether case of a deep depressien which was treated differently by the twe
techniques was that ef 16 January 1959. A very deep depressien was predicted
by the finite difference methed te extend eastward leading te a censiderable
fall in 500mb height te the east ef the centre. The semi-Lagrangian methed
predicted a greater mevement eof the centre accempanied by filling and less
treugh extension te the east. The semi-Lagrangian methed was censiderably mere
successful in this case but this may have been fertuiteus as beundary assumptiens
as well as truncatien errers were invelved. Hewever, it is netewerthy that
differences of up te 17dm arese between the twe metheds.

Dependance of the semi-Lagrangian ferecasts en details ef the techmique
During the develepment ef the semi-Lagrangian technique fer integratien

several experiments were made to determine the mest suitable length fer the time
step and ether details eof the precedure. Altheugh it was subsequently feund
necessary te change the treatment ef the weundary cenditiens and the methed ef
selving the balance equatien was alse changed slightly, the cenclusiens derived
frem these experiments are likely te remain valid and are given belew,

(a) |Time-step A few ferecasts were made with time steps eof 3 hrs and
12 hrs as well as with the step of 6 heurs which was regarded as standard. Only
small differences (up te 4dm in height) arese frem the change frem 6 heur te
3 heur time steps, but larger and significant differences (up te 1idm)

‘when the time step was increased te 12 heurs. Hewever, the cemputatien remained

stable. ‘
 In the example illustrated in Pig 5 a reductien in time-step te i-heur
; mﬂumm-(u«mnwumuom«mmmn |
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difference at the initial step. Differences were everywhere small - the
maximum difference being 3dm. These ferecasts were prepared in 6 heur steps,
but differences were ne greater in a ferecast using 12 heur steps.

(e) Number of iteratiens in selving equatien (11) The number of iteratiens

te be used in selving equatien (11) was fixed at 20 during these experiments.
Hewever, ene integratien was repeated with the number eof iteratiens changed te
10. There was a small difference in the result in the centre ef the chart with
a maximum value of 2 te 3dm.

Discussien

The experiments shew that the semi-Lagrangian technique described in sectien
2 is a practical methed ef integrating the paretrepic predictien equatien. There
is ne sign ef cemputatienal instability even when the time step is extended te
12 heurs. There seems little te be gained by reducing the time-step belew 6
hours but ferecasts with 12 heur time-steps suffer frem lecally significant
truncatien errer.

There are significant differences between the results obtained by the semi-
Lagrangian technique and the usual finite difference methed. In part these may
be attributed te differences in beundary precedure, but impertant differences
can be attributed te truncatien errer in the usual finite difference precedure,
particularly arising near te pressure centres.

Altheugh the verificatien statistics ef the semi-Lagrangian technique are
net better than these ef the Eulerian methed, it prevides a uomnmﬁa

m,ummﬂdmnmnmuam ﬁ»_
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Verification statistics fer 24~hr 500mb varotrepic forecasts
prepared using a semi-Lagrangian methed (BIL(I)) and a cen-
ventienal finite difference methed (BIX)

T
Date Semi- an Finite-difference
BIL(I) BIX
(=) (») (e) (a) (») (e)

12, 1. 59 68 25 Cely2 93 30 0.09
16. 1. 59 58 19 0.80 106 25 0.66
5¢ 24 59 54 24 0.82 56 25 0.80
10, 2. 59 | 119 36 0.43 85 34 0.48
16. 2. 59 132 30 0.79 72 20 0.92
5. 3. 59 68 21 0.87 73 27 0.76
20. 7. 59 43 13 0.88 30 13 0.87
27. 7. 59 51 16 0.56 52 17 0.60
10. 9. 59 57 21 0475 52 18 0.80
27.10. 59 86 21 0.89 73 2 0.86
pean T 22.6| 0.72 69 22.9 | 0.68

() rem.s. errer in predicted 500mb height (metres)
(») r.m.s. vector wind errer (kts)

(e) cerrelation coefficient between ebserved and predicted
.500mb height changes.
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