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Theory of mature tropical cyclones; A comparison
between Kleinschmidt (1951) and Emanuel (1986)

Suzanne L. Gray
JCMM, Department of Meteorology,
University of Reading, RG6 2AU, UK.

Abstract.

There exists a surprising degree of similarity between the steady-state models of
mature tropical cyclones proposed by Kleinschmidt (1951) and Emanuel (1986) consider-
ing the debate there has been on this subject within this period. The authors both favour

the thermodynamic disequilibrium between atmosphere and ocean as the cyclone energy

source (which Emanuel calls an Air-Sea Interaction Instability theoryl). Both also con-
sider the cyclone as a thermodynamic energy cycle (specifically a Carnot heat engine in
Emanuel’s case) with a balance existing between the thermodynamic energy gained as air
passes through the cyclone and the work done against frictional dissipation as air crosses
the boundary layer. The authors both assume moist symmetric neutrality in the outflow
structure and use this to obtain the slope of the outflow streamlines. In addition, although
their calculations of an inflow layer structure are completely different, both authors obtain
reasonable relations for the variation of azimuthal velocity with radius in this region.
Kleinschmidt and Emanuel both develop expressions to calculate the central pressure
depression at the top of the boundary layer and, although entirely different, these expres-

sions give similar results for a ‘typical’ cyclone.

1.0 Introduction.

Tropical cyclones, which are also known as hurricanes and typhoons in some parts
of the world, are some of the most spectacular and devastating features of the tropical
atmosphere. Within the last ten years Emanuel has promoted the Air-Sea Interaction Insta-
bility theory as the energy source for steady-state tropical cyclones and proposed regard-
ing steady-state cyclones as Carnot heat engines. The key assumption in both of these is

1. More recently renamed WISHE (Wind-induced surface heat exchange).
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moist symmetric neutrality above a well mixed boundary layer. Some similar ideas have
been expressed before Emanuel by authors other than Kleinschmidt (e.g. Malkus, 1960)
but Kleinschmidt’s model of a steady-state tropical cyclone bears considerable similarity
to that of Emanuel. It may seem surprising that Kleinschmidt’s work is comparable to
some more modern thinking despite decades of debate on this subject, however, Klein-
schmidt has been found to have contributed to other important concepts in modern day
atmospheric dynamics e.g. PV-thinking (for a review see Thorpe 1993).

The aim of this work is to compare the theories developed by Kleinschmidt and
Emanuel for mature tropical cyclones by examining two specific papers. Section 2 of this
work compares the physical assumptions made when developing steady-state theoretical
models of the cyclones. Section 3 considers the development and results of these models
and Section 4 gives the conclusions of this work. Both papers consider the energy source
of a cyclone and its energy budget. Both also consider the structure of the outflow and the
inflow along the boundary layer. It should be noted that the papers also consider non-com-
parable aspects of tropical cyclones. In particular, Kleinschmidt also considers the mecha-

nism of cyclogenesis.

2.0 Physical assumptions

The generally assumed structure and airflow of a mature tropical cyclone is shown
in Fig. 1. This secondary circulation associated with the cyclone consists of inflow along
the boundary layer into a region of enhanced convection surrounding the centre of the
cyclone (known as the eyewall). The air ascends within convective cloud towers which are
generally concentrated within the outwards sloping eyewall. Radial outflow occurs near
the tropopause followed by a gentle subsidence of air at large radii.

To construct the simplest possible model, several assumptions are made about
tropical cyclones (which both authors use) i.e. that they are axisymmetric and that hydro-
static balance and gradient wind balance apply. These (and the equation for the angular

momentum per unit mass) may be written:

agiz’ = —g Hydrostatic balance (4]
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Fig, 1. schematic cross section of the secondary meridional circulation in a mature tropical cyclone.
The cross section spans a width of about 1600km and a height of 15km. (After Emanuel 1988). Air spirals in
towards the eye, (region 5) in the boundary or frictica layer (the inflow, region 4), ascends along constant
momentum surfaces in the eyewall cloud (the outflow, region 1), and slowly subsides and dries (in regions 2
and 3). The sea surface temperature may be considered constant.
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a@ = ap Gradient wind balance 2
or r
M=rv+ % fzr Angular momentum per unit mass 3

where o = specific volume, p = pressure, z = height, g = acceleration due to gravity, r =
radius from the cyclone centre, v = azimuthal velocity, f = Coriolis parameter and M =

angular momentum per unit mass.

It is also generally assumed that the Coriolis parameter, f, can be considered con-
stant. In addition, Emanuel states that he assumes that the flow above a well mixed bound-
ary layer is inviscid and thermodynamically reversible. Kleinschmidt does not explicitly

state these assumptions although they appear to have been assumed.

2.1 Energy source of a tropical cyclone.

The energy source of a tropical cyclone is a matter of some debate at this time with
two current opposing theories. Firstly, the CISK (Conditional Instability of the Second
Kind) hypothesis originally suggested by Charney and Eliassen (1964) holds that initial
development results from the organized release of preexisting conditional instability and
that tropical cyclone growth is the result of organized interaction between the cumulus

scale and large-scale moisture convergence. An alternative source of the potential energy




for the tropical cyclones is the Air-Sea Interaction Instability theory and this was advanced
by Emanuel in the paper studied here. In this case the energy arises from the thermody-
namic disequilibrium between the atmosphere and the underlying ocean yielding a poten-
tial for transfer of energy from sea to air even though the two media are usually at about
the same temperature. Kleinschmidt’s opinion in this matter can be seen by comparing

quotes by the two authors:
Kleinschmidt:

“The heat removed from the sea by the storm is the basic energy source of the
typhoon. In comparison to it, the latent heat of water vapour, which the air carries with it

from the outside, plays no more than a secondary role.’

Emanuel;

‘It is our hypothesis that tropical cyclones are developed and maintained against
dissipation entirely by self-induced anomalous fluxes of moist enthalpy from the sea sur-

face with virtually no contribution from preexisting CAPE.’

Thus Kleinschmidt regards the cyclone energy source as energy fluxes from the
ocean as opposed to energy drawn in by the cyclone from it’s environment. In this sense
he favours a form of Emanuel’s Air-Sea Interaction Instability opposed to a CISK type
approach.

2.2 Structure of the outflow.

The authors write essentially identical statements describing the basic physical
assumption they make in order to develop an outflow structure.

Kleinschmidt:
‘Uniform moist potential temperature and uniform absolute momentum must pre-

vail on every streamline in the outflow.’




Emanuel:

‘Above the boundary layer saturated equivalent potential temperature (Be*) is uni-

form along surfaces of constant angular momentum.’

Thus both Kleinschmidt and Emanuel are assuming moist symmetric neutrality in
the outflow i.e. that lines of constant anguiar momentum and moist potential temperature
are parallel, Kleinschmidt’s term ‘moist potential temperature’ is identical to equivalent
potential temperature (0,). Emanuel’s 0,* is equal in value to 0, where the angular
momentum surface intersects the boundary layer (within which 8, is assumed to be well
mixed in the vertical). Moist symmetric neutrality means (as explained by Emanuel) that
the cyclone vortex is ‘neutral to slantwise moist convection’ and this implies that ‘bound-
ary layer air is neutrally buoyant when lifted along surfaces of constant angular momen-

tum’.

To describe the outflow structure the slope of the outflow streamlines must be
derived. Moist symmetric neutrality implies that the outflow lines may be defined equiva-
lently by M(©,) or 6,(M) surfaces although in fact Emanuel uses moist entropy (s%)

instead of O,..

2.3 Structure of the inflow layer.

To complete the cyclone structure 6,(r) or M(r) must be found along the top of the
boundary layer. Kleinschmidt obtains v(r) along the top of the boundary layer by perform-
ing a momentum balance in this region and hence can obtain M(r). The only assumption
made about the boundary layer is that the density is constant throughout the entire layer.
Emanuel determines O,(r) semi-empirically in the boundary layer by dividing the bound-
ary layer into three regions, basically the eye, the eyewall and an outer region. The eye
region he states to be mostly unsaturated and probably mechanically controlied by the
flow outside the eye. He assumes that the distribution of 0, in the eyewall region is domi-
nated by cyclone scale fluxes while the region outside the radius of maximum winds is
assumed to be controlled more by turbulent fluxes. For the two inner regions Emanuel
uses Ooyama’s (1969) formulation of the boundary layer and in the outer region he

assumes constant surface relative humidity.




Fig. 2. The tropical cyclone as a Carnot heat engine. M is angular momentum with M, the ambi-

ent value. 8, is the saturated equivalent potential temperature with 8,, the value atr,. T,,,is the outflow
temperature and T is the absolute temperature at the top of the boundary layer. Latent and sensible heat
are extracted from the ocean at the temperature Tz and ultimately given up at the outflow temperature 7y,
The thermodynamic efficiency of the heat engine, €, is therefore (Ty, - To,)/Tp.

2.4 The energy budget

Both Kleinschmidt and Emanuel consider the tropical cyclone to contain a thermo-
dynamic energy cycle and in Emanuel’s case this is specifically referred to as a Carnot
heat engine. Both authors assume that energy is gained by an air parcel from the ocean
surface (between points a and ¢ in Fig. 1) and that there is some energy loss through radia-
tion as the parcel leaves the outflow (between points o and o’). This results on a net ther-
modynamic energy gain. Fig. 2 (taken from Emanuel’s paper) illustrates Emanuel’s Carnot

cycle.

Both authors derive an energy budget by following a parcel of air around this sec-
ondary circulation. Kleinschmidt equates the thermodynamic energy gained, E, with the
loss in kinetic energy as the inflow air crosses the boundary layer. Emanuel similarly

equates a net heating AQ with the work done against frictional dissipation.

3.0 Development of a theoretical steady state model.

Both authors develop a steady-state analytical model based on thermodynamic dis-
equilibrium as the energy source. The comparable aspects of their papers are their initial

development of the outflow structure, their inflow structures, and their model of a tropical




cyclone as a thermodynamic energy cycle. Kleinschmidt quotes a value for the central
pressure depression for a ‘typical’ cyclone (measured at the top of the boundary layer)
which he calculates using an equation he develops when considering the inflow structure.
Emanuel obtains an expression for the central pressure as a function of the increase in sur-
face ambient humidity between the core and the ambient environment. This expression
can be obtained both from his work on the outflow structure and his energy budget work.
This Section will compare the authors’ inflow and outflow structures and examine their
work on the energy budget of a tropical cyclone. It will also follow the authors’ work
towards a central surface pressure equation. The analysis will concentrate on the less well
known work of Kleinschmidt and provide only brief notes on that of Emanuel.

3.1 Structure of the outflow.

A summary of Kleinschmidt’s approach:

The equation for gradient wind balance (2) and that of hydrostatic balance (1) are
rewritten using p = 1/a in place of . Equation (2) is differentiated with respect to z and
(1) with respect to r, giving on substitution

2v.dv _ 1 dpdp opdp

F+5 = 2 Gzor ~araz)- @

It is assumed that in steady state uniform moist potential temperature and uniform
momentum exist on every streamline which implies that the momentum is a function of
moist potential temperature only. It is also assumed that density is a function of pressure

and moist potential temperature only i.e.
M =M(0,) and
p=p(0,).
(9p) /7 (9r) and (dp) / (dz) are calculated and substituted into (4) giving

v dv _ 19p 3p%. 8p90,

U+ % = 790, Gz ~oraz) ®




and by using (1) again the following equation for tanf3, where {3 is the angle of inclination

of the moist isentropes, is obtained

20,
__or _ P 2v.dv_ oz
3z %3z 99,

Now, from the equation for angular momentum per unit mass (3),

_M_f
e T @
which implies
ov 1loM
3% - 752" @&
orsince M = M (8,),
v 1am9, o
9z  rdbdz
From the gas lawp = pRT,
19p 19T

4

which assuming that O, is a linear function of temperature for constant pressure, i.e.

8, = alp) +b6(p) Tl implies

10p 1
p38. = Th' an

By substituting (7), (9) and (11) into (6) the following expression for tanf is
obtained

2Tb . M oz
tanf = -~ - Me— 12)
gr3 368 or 5

1, N.B, This does not appear to be a very accurate assumption.
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This can be integrated over 7 to obtain an expression for the height of a streamline

(or momentum surface) as a function of radius,

Th BM

z(r) = 2 T +H. (13)

where H is an integration constant.

A brief summary of Emanuel’s approach:
The equation for hydrostatic balance (1) is substituted into the equation for gradi-
ent wind balance (2) giving

, 1 jzr (14)

Equation (1) may be alternatively expressed as

15

and so by eliminating z between (14) and (15) the following version of the thermal wind
relation in radial coordinates may be obtained

L] -G,

The assumptions are made that momentum is a function of moist entropy (s*) only

and that o is a function of pressure and moist entropy only i.e.

M = M)

a=a(ps).

By using these assumptions, the gas law (pa. = RT) and the first law of thermody-

namics, the following expression for the slope of the M (or s*) surfaces may finally be

derived:




)
%Lﬁ _rﬂ[dM( ) (a—)| @

If this equation is integrated upward along M (or s") surfaces the result is

2, = M ’
[ ] 17 = Tour (5]

where T, is an integration constant interpreted as the ‘outflow temperature’. This is

13

~

defined as the temperature that the air has along M surfaces as they flare out to large radii.
See Fig. 2.

Emanuel continues this work to obtain the following pressure distribution for the

top of the boundary layer:
TB - Tout 0 o 1 fz
——TB—"ln(e—ea] ln( )+2ra—lnn+4c TB (r -ro) atz = h (19)
where 7 is the Exner function © = (p/ Po) ?, T, is the ambient value of wt at z= A and

T,,: is an average outflow temperature weighted with the saturated moist entropy of the
outflow angular momentum surfaces. 0, is equivalent potential temperature and 0, its

value at r,,, Tp is the absolute temperature at the top of the boundary layer.

Emanuel also derives an expression for the geometric area covered by the storm

{not shown).

To conclude, both authors use the same basic assumptions and equations to derive
an expression for the outflow streamline. Kleinschmidt derives the slope of the moist isen-
tropes whereas Emanuel derives the slope of the momentum surfaces. These expressions
(12 and 17) should be identical although this has not been explicitly proven. Both authors
then proceed to integrate their equations (although over different variables). Emanuel
alone continues this work to obtain a pressure distribution and the geometric area of the

storm,
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3.2 Structure of the inflow layer.

The approaches to and comparable results from the theories developed by the
authors for the inflow structure are markedly different. Hence a comparison with an ana-
Iytic model of the wind (and pressure) profiles in hurricanes (Holland, 1980) is also
included to examine the possible validity of both authors’ results.

A summary of Kleinschmidt’s approach:

A momentum balance is assumed for a cylindrical ring-shaped section of the
inflow layer of mean radius 7 and height / (the top of the boundary layer). The mass flow
through a vertical side of the ring is

h
27rprfudz
0

where u is the radial windspeed. From this the rate of mass increase in the ring of width

Ar may be calculated:

h
2npAraa—rIrudz.
0

The mass of the ring must be constant thus mass must flow out through the top of
the ring at the same rate as it is gained through the sides. The rate of momentum loss due
to mass loss through the top of the ring is calculated using the definition of angular
momentum (3), and is given by

h h
(2npAr%J'r2u (v+ gr) dz) —2nprAr(V+ Jicr) %Irudz, 20
4] (4]

where v is the azimuthal velocity and V is the gradient wind at the top of the boundary
layer. Note that an additional r has been included in the second term c.f. the equation in
Kleinschmidt’s paper (38).

The loss of momentum due to friction per unit volume is
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dr
r£.

where 7 is the shear stress on the ocean surface in the direction of the gradient wind.

Integrating over the ring, the loss in momentum due to friction is

h
dt
—2nArr? I (E) dz = 21tArr2'cB 21
4]

where 1p is the component of the surface shear stress perpendicular to the radius. The

shear stress at the lid is considered negligible.

Equations (20) and (21) are the basis for the momentum balance. The derivation
following this equation is tedious and is not detailed here. It incorporates work related to
the methods developed by Prandt! in his ideas on fluid dynamics. The final result is the fol-
lowing equation which Xleinschmidt calls ‘the law of approximation for the gradient wind
at the upper limit of the friction layer’,

M
rH
V=C[rp_1—r). (22)

r,, is the outer radius of the cyclone, defined as ‘the location where the gradient wind no

longer blows’. C and | are predicted functions of several variables and are approximately
constants outside the eye region. |l is approximately 2 which implies V ~ 1/7 outside the

eye.

A brief summary of Emanuel’s approach:

Emanuel’s approach to the boundary layer structure is far more complex than that
of Kleinschmidt’s and is mainly concerned with determining the radial distribution of 0,

in the boundary layer. Using this he eventually obtains a complete two-dimensional struc-
ture for the steady-state tropical cyclone. To summarise, solutions for the pressure distri-
bution (in terms of Inm) are derived under the conditions that a calculated distribution of 6,

applies inside the cyclone core and that the outer region of the cyclone is characterized by
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constant surface relative humidity. In the outer region the result for the pressure distribu-

tion implies that, just outside the radius of maximum winds,

1
Vo= (23)

£
where 3 is a function of &, the thermodynamic efficiency, qa*, the saturated ambient mix-
ing ratio, RH,, the ambient relative humidity and T, the temperature. The later three

quantities are all measured at the top of the boundary layer.

Emanuel claims that for typical values of sea surface temperature and tropopause
temperaturesf§ = 0.5. He also claims that this implies that (23) is therefore ‘close to the

observed minus one-half power law typical of tropical cyclones’.

To summarise, Kleinschmidt and Emanuel both obtain relations for the variation

with radius of the gradient wind at the top of the boundary layer.

Kleinschmidt: V ~ % with L= 2.

Emanuel: V ~ % with B=0.5.

There appears to exist a conflict in results which may perhaps be resolved by
obtaining a third opinion. Holland (1980) develops an analytic model of the wind (and
pressure) profiles in cyclones. He finds that the gradient wind may be expressed as

A 12
(_r_B) r2j2 rf
V= AB(Pa_Pc)exPPT*'T 5 24

where p, is ambient pressure, p, is central pressure and A and B are scaling parameters.

This implies that, in the region of maximum winds,

[ 5]




Now from physical reasoning B can be shown to lie between 1 and 2.5 and from a
climatological approach between 1.5 and 2.5. Using the former B range in the above equa-
tion implies

1

Ve~ 50615
r

Interestingly this includes both Kleinschmidt’s and Emanuel’s predictions. It is
noteworthy though that Emanuel’s f parameter, as calculated for a ‘typical’ cyclone, is
slightly outside the range of possible powers {to which r is raised) if Holland’s B range is
instead chosen from his climatological predictions. Hence, although the approaches to and

results from the authors’ inflow structures are very different, both find that V ~ 1./77°",
The powers suggested by each author are different but both are (just) encompassed as pos-

sible values by the conclusions of a third author.

3.3 The energy budget.

A ary of Kleinschmidt’ roach:

The net thermodynamic energy gain, E, as a unit mass air parcel travels around the
secondary circulation is calculated graphically from a tephigram by measuring the area
between the environmental temperature curve outside the cyclone and the moist adiabat of

the inner-most outflow surface. The azimuthal velocity, v;, that an inflowing air parcel
would have on reaching the inner radius of the eyewall, r;, from the outer radius of the

cyclone, r,, in the absence of friction is calculated from momentum conservation,

v = [E _ ri), 25)

In the presence of friction a fraction g of this velocity exists as air reaching the
eyewall leaves the boundary layer. Thus the loss of kinetic energy by a unit mass of air due

to friction is

%vi’(l—qz)~
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or from (25)
2 2
fsj (? -rJ (1 —qz) .

It is assumed that this is the only energy loss, and that the work done to change the
angular momentum (conserved in the outflow) back to its ambient value at large radi, is

negligible (see Fig. 2).

Hence
£ (r 3 Jz 1-) = E
3 r_i -r; (l-9°) = E. (26)
Assuming r; «r,,
2
8Er;
4 i
r, = s @7
-4
and since the maximum wind strength v; = qv,’ then from (25) and (27)
2
vi=oe 9 28
I-g

The remaining equation to complete this analysis is taken from the outflow struc-

ture. If ry is the radius at which a momentum surface of the outflow leaves the boundary

layer (at height A;) then from (13)

2__ Tb dM
ry = FH-T) Mdﬂe' (29

The main dimensions of a cyclone can now be determined from (27) to (29) i.e. the
outer circumference, the mean radius of the ring wall and the maximum wind strength.
However, Kleinschmidt is unable to complete his cyclone structure since he requires
M(0,) to evaluate his outflow streamlines which he has calculated as 0, surfaces (12). He
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declares that if this (or specifically M (dM/ (dB,)) ) is known then every cyclone could

be completely calculated from external data.

A brief summary of Emanuel’s approach:
The balance between the heating, AQ, and the work done against frictional dissipa-

tion in the inflow and outflow is written symbolically as
AQ = Wpp; + W, 30

where Wpp;is the work done in the boundary layer and W is the work done in the out-
flow. Wy, is proportional to the kinetic energy required to bring the angular momentum of
the outflow, M, back to its ambient value, My - see Fig. 2. AQ is expressed as the sum of
the latent heat acquired by the inflow from the ocean and the heat lost by radiational cool-

ing at the outflow temperature.

From expressions for W, and AQ an expression for Wpg; can be found,

0, 1
Wpp = C Tlen 2frv ]‘Z(r0 r)

The pressure distribution in the boundary layer can then be evaluated via Bernoul-

1i’s equation. When integrated inward from r,, at constant temperature Bernoulli’s equation

at z = { may be written

Ve, Tyl + Wy, = 0. @D

When the expression obtained above for Wpp; is substituted into (30) and

o (dp/ (0r)) is substituted for the sum v+ frv, (from (2)), then an expression for the
pressure distribution can be obtained:

e
f (r2-r).atz=0 32)

Inm = —-—ra—lmt slne %C

where ¢ is the thermodynamic efficiency, € = (T —T,,,) /Ty with T,,, as defined in

(19).
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This expression for Inm is identical to that derived by Emanuel from his work on
the outflow structure (19) implying that a steady state tropical cyclone may indeed be con-

sidered as a simple Carnot heat engine.

3.4 Development of a surface central pressure equation.

The surface central pressure of a tropical cyclone is often used as a measure of the
intensity of the storm and as such it is a very important aspect of cyclone modelling.
Appendix 1 lists the parameters for which values must be provided for each author’s
steady-state model in order to calculate the central pressure depression at the top of the
boundary layer.

A summary of Kleinschmidt’s approach:

Determination of the surface central pressure requires the use of (22) for the wind
distribution at the upper limit of the boundary layer. The constants C and |l are calculated
(how is not clear from Kleinschmidt’s paper). This equation can then be substituted into
the gradient wind balance equation (or a combination of the gradient wind balance and
hydrostatic balance equations) to obtain an expression, which by integration over r, pro-
vides a surface central pressure depression calculated at the upper limit of the boundary
layer, Kleinschmidt calculates a pressure depression of 24mb for a ‘typical’ cyclone and
by following his approach similar values could be calculated.

An estimation of the values Kleinschmidt uses for C and |l was attempted using
results that Kleinschmidt states he obtains from (22). Kleinschmidt sets the inner eyewall
radius, r;, to 15km and the outer eyewall radius to 50km. From (22) he finds ¢ = 5/6 on

entering the eyewall and this drops steadily to 2/3 within the eyewall. From (25) the azi-
muthal windspeeds at the inner and outer radii of the eyewall can be calculated (53.04 and

18.94ms’1 respectively). By substituting these values into (22) and solving the two simul-

taneous equations the following values for C and |l were obtained:

C=2856¥10%sland n =08

Equation (22) was substituted into (2) which was then integrated over 7 between r,,

(the outer radius of the cyclone) and r;. The value of r,, used was that calculated from (27)

17



by Kleinschmidt i.e. 219km. The central pressure depression calculated depends on the
density p which is unspecified by Kleinschmidt. However, using p = 1.2kgm'3 a central
pressure depression of 21mb is obtained which is in reasonable agreement with Klein-
schmdit’s value especially considering the lack of calculation equipment available to him
in 1951.

A brief summary of Emanuel’s approach:
From (19), at the storm’s centre,
= 2
e = ToTou, O 1770
T, Tg 0., 4C,Tp

ed
where the subscript ¢ denotes values at the storm’s centre.

Expanding the natural logarithms and using the definition of 7 an expression for

the pressure deficit at z = % can be obtained:

x_,__(_:‘_g TB_Toute*ec,
PR gPa—T, 0

eqa

where primes denote departure from the base state and * indicates the saturation value,

Emanuel uses ‘typical’ cyclone values for 0,4, Tp, T, and py (the ambient sur-
face pressure at z = () to obtain a relation between p’.; (the surface central pressure
depression at z = 0) and e*ec’ by assuming

Ple Pl

P~ ]

Pa Po
For comparison with Kleinschmidt, who obtains a surface central pressure depres-
sion at the top of the boundary layer (z = k), a ‘typical’ value for p, (the ambient pressure

at z = ) must instead be used. Hence assuming 0, = 345K, Tp = 295K and T, = 200K
(from Emanuel) and p, = 900mb then

18



po= -—2.99*86’.

Kleinschmidt’s paper includes a graph of pressure vs. temperature on which is
plotted both the environmental air sounding and the 8, = 75°C moist adiabat which he

considers to be that of the inner-most outflow streamline. From this graph it can be esti-

mated that the above 87, is approximately 14K for Kleinschmidt’s ‘typical’ cyclone.

This value is obtained by subtracting the environmental 8*, at 900mb from 6 . = 715°C.

Emanuel’s expression would then imply a central pressure depression at the top of the

boundary layer of 41mb for comparison with Kleinschmidt’s own value of 24mb.

4.0 Conclusions

There appears to be a surprising degree of similarity between the steady state mod-
els of mature tropical cyclones proposed by Kleinschmidt in 1951 and Emanuel in 1986.
The authors agree that the energy source of tropical cyclones is the thermodynamic dise-
quilibrium between the atmosphere and ocean (Emanuel describes this as an Air-Sea Inter-
action Instability theory) and declare that the energy arising from preexisting conditional
instability (CISK theory originating in 1964) is negligible. Both authors assume moist
symmetric neutrality in the outflow and the initial work described by the authors for deter-
mining the outflow structure follows very similar lines. The authors derive expressions for
the slope of the outflow streamlines using the same basic equations and assumptions. In
Kleinschmidt’s case the slope is that of the moist isentropes whereas Emanuel derives the
slope of the momentum surfaces. The authors’ use quite different approaches to obtain an
inflow layer structure, however, both find that the gradient wind at the top of the boundary

layer is related to radius by an expression of the form v ~ 1//°°**"_ Bach author suggests
a different power although both values are found to be reasonable. Both Kleinschmidt and
Emanuel state that there exists an energy balance between the thermodynamic energy
gained as air passes through the cyclone and the work done by the air against frictional
dissipation although their development of this energy balance differs. Kleinschmidt
equates this energy gain with the kinetic energy lost by the inflow air due to friction.
Emanuel uses the thermodynamic energy gain and the work done in the outflow to obtain
an expression for the work done in the boundary layer. Finally, both authors obtain expres-
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sions from which the central pressure depression at the top of the boundary layer can be
calculated. These differ entirely in formation but can be compared for a ‘typical’ cyclone.
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Appendix 1

Externally provided parameters required to calculate the
central surface pressure depression.

The tables below list the parameters for which values must be provided in order to

calculate the central pressure depression at the top of the boundary layer for each author’s

steady-state model. The values used are included.

Kleinschmidt:
Symbol Description Value used
¢ Latitude 20°
f Coriolis parameter 1.5%10°3
r; Inner eyewall radius 15 km
Ty Outer eyewall radivs 50 km
q Fraction of air velocity remaining when air which has travelled | 2/3
imwards along the top of the boundary layer is inside the eyewall
0, Equivalent potential temperature of the moist adiabat along the | 75°C
inner-most cutflow streamline
E Net thermodynamic energy gain as a unit mass air parcel travels | 1770 m%2
around the secondary circalation. Calculated graphically from a
tephigram from the area between the environmental temperature
curve and the moist adiabat of the inner-most outflow surface
p Air density. Value used not given in Kleinschmidt’s paper 1.2 Kgm™
n A parameter which rises with the vorticity. Found in the equa- o(10)
tions for C and p (not given)
Emanuel:
Symbol Description Value used
0., Ambient equivalent potential temperature at the top of the 345K
boundary layer
Ty Absohute temperature at the top of the boundary layer 295K
Tout Average outflow temperature weighted with the saturated moist | 200K
entropy of the outflow angular momentum surfaces
IGii iy Saturated equivalent potential temperature perturbation at the 14K
centre of the cyclone along the top of the boundary layer, An
estimated value was taken from Kleinschmidt’s work for com-
parison with Emanuel’s
Pa Ambient pressure. Used to calculate the central pressure depres- | 900mb
sion at the top of the boundary layer
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Appendix 2

Included below are the original German Kleinschmidt paper and it’s English trans-
lation. For ease of understanding several points are noteworthy. The translator has trans-
lated as turbulence a word which would appear to be more appropriately be translated as
vorticity from the context in which it is found. Kleinschmidt’s notation differs slightly
from more modern day papers. In particular the symbol / is used instead of the more com-
mon f for the Coriolis parameter and A instead of M is used to represent angular momen-

tum.




551.515.21

(Max-Planck-Institut fir Stromungsforschung, Géttingen.)

Grundlagen einer Theorie der tropischen Zyklonen.

Von
E. Kleinschmidt jun.

Mit 3 Textabbildungen.

Zusammenfassung. Bei den tropischen Zykionen stromt die Luft in den
-ocdennahen Schichten zum Zentrur, in der mittleren Troposphire wieder
wach auBen. Der Zustrom wird durch die Reibung an der Meeresoberfldche
»eherrscht, der Abstrom erfolgt in einem Feld dynamischer Feuchtindifferenz.
\Venn ein Taifun neu entstehen soll, muf anfangs eine dynamische Labilitédt
vorhanden sein. Eine solche tritt nur unter ganz speziellen, schwer zu er-
fiillenden Bedingungen auf. Iar den ausgereiften Taifun werden mit Hilfe
der Impuls- und Energiesétze eine Reihe Gesetze aufgestellt, die die wich-
tigsten Erscheinungen — Ange des Sturms, Sturmzons, Wolkenschirm usw. —
erkliren und ihr gegenseitiges GroBenverhiltnis zu berechnen gestatten.
Nach diesen Gesetzen wird das Modell eines Taifuns entworfen.

Summary. In tropical cyclones the air near the ground flows towards
the centre, in the middle troposphere it flows outwards. The inflow is governed
by the friction on the surface of the sea, the outflow takes place in a field of
«(ynamical moist-indifferent equilibrium. If a typhoon is to be developed,
chere must first be a dynamical instability. This occurs only under special
conditions which cannot easily be met. For the fully developed typhoon
a number of laws are stated by means of the principles of momentum and
energy which explain the most important phenomena — eye of the storm,
zone of the storm, cloud screen, etc. — and allow the calculation of their
mutusal ratio of magnitude. According to these laws the model of a typhoon

is designed.

Résumé. Dans les cyclones tropicaux ’air des couches inférieures s’écoule
vers le centre, celui de la troposphére moyenne Vers Pextérieur. L’apport
est dominé par le frottement & la surface de la mer; le flux expuisé a lieu
dans un champ d’indifférence pseudolabile au point de vue dynamique. Pour
qu'un typhon prenne naissance il faut qu'il y ait au préalable de la labilité
dynamique, laquelle n’appar it que dans des conditions toutes particuliéres,
difficiles & remplir. Dans le cas du typhon bien développé on se sert des théo-
rémes de I'impulsion et de I’énergie pour établir une gérie de lois qui permettent
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CURRENT JCMM INTERNAL REPORTS

This series of JCMM Internal Reports, initiated in 1993, contains unpublished reports and
also versions of articles submitted for publication. The complete set of Internal Reports
is available from the National Meteorology Library on loan, if required.

1.

Research Strategy and Programme.
K A Browning et al
January 1993

The GEWEX Cloud System Study (GCSS).
GEWEX Cloud System Science Team
January 1993

Evolution of a mesoscale upper tropospheric vorticity maximum and comma
cloud from a cloud-free two-dimensional potential vorticity anomaly.

K A Browning

January 1993

The Global Energy and Water Cycle
K A Browning
July 1993

Structure of a midlatitude cyclone before occlusion.
K A Browning and N Roberts
July 1993

Developments in Systems and Tools for Weather Forecasting.
K A Browning and G Szejwach
July 1993

Diagnostic study of a narrow cold frontal rainband and severe winds
associated with a stratospheric intrusion.

K A Browning and R Reynolds

August 1993

Survey of perceived priority issues in the parametrizations of cloud-
related processes in GCMs.

K A Browning

September 1993

The Effect of Rain on Longwave Radiation.
I Dharssi
September 1993



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Cloud Microphysical Processes - A Description of the Parametrization used in
the Large Eddy Model.

H Swann

July 1994

An Appreciation of the Meteorological Research of Ernst Kieinschmidt.
A J Thorpe
May 1992

Potential Vorticity of Flow Along the Alps.
A J Thorpe, H Volkert and Dietrich Heimann
August 1992

The Representation of Fronts.
A J Thorpe
January 1993

A Parametrization Scheme for Symmetric Instability: Tests for an
Idealised Flow.

C S Chan and A J Thorpe

February 1993

The Fronts 92 Experiment: a Quicklook Atlas.
Edited by T D Hewson
November 1993

Frontal wave stability during moist deformation frontogenesis.
Part 1. Linear wave dynamics

C H Bishop and A J Thorpe

May 1993

Frontal wave stability during moist deformation frontogenesis.
Part 2. The suppression of non-linear wave development.

C H Bishop and A J Thorpe

May 1993

Gravity waves in sheared ducts.
S Monserrat and A J Thorpe
October 1993

Potential Vorticity and the Electrostatics Analogy: Quasi-Geostrophic
Theory.

C Bishop and A J Thorpe

November 1993

Recent Advances in the Measurement of Precipitation by Radar.
A J Tllingworth
April 1993



21.
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23.

24,

25.

26.

27,

28.

29.

30.

31

32

Micro-Physique et Givrage. Cloud Microphysics and Aircraft Icing.
A J Illingworth
May 1993

Differential Phase Measurements of Precipitation.
M Blackman and A J Hlingworth
May 1993

Estimation of Effective Radius of Cloud Particles from the Radar Reflectivity.
N I Fox and A J Illingworth
May 1993

A Simple Method of Dopplerising a Pulsed Magnetron Radar.
L Hua, A J Hlingworth and J Eastment
November 1993

Radiation and Polar Lows.
George C Craig
February 1994

Collected preprints submitted to International Symposinm on the Life Cycles
of Extratropical Cyclones; Bergen, Norway, 27 June - 1 July 1994
April 1994

Convective Frontogenesis
Douglas J Parker and Alan J Thorpe
April 1994

Improved Measurement Of The Ice Water Content In Cirrus Using A Total
Water Evaporator

Philip R A Brown and Peter N Francis

April 1994

Mesoscale Effects of a Dry Intrusion within a Vigorous Cyclone
K A Browning and B W Golding
April 1994

GEWEX Cloud System Study, Science Plan
May 1994

Parametrization of Momentum Transport by Convectively Generated Gravity
Waves

R Kershaw

May 1994

Mesoscale Modelling Newsletter, No. 5
May 1994



33.

34.

35.

36.

37.

38.

39.

40.

Observations of the mesoscale sub-structure in the cold air of a developing

frontal cyclone
K A Browning, S A Clough, C S A Davitt, N M Roberts and T D Hewson

May 1994

Longwave Radiative Forcing of a Simulated Tropical Squall Line
Imtiaz Dharssi
July 1994

On the nature of the convective circulations at a kata-cold front

K A Browning
September 1994

Collected preprints of papers submitted to the COST-75 International Seminar
on Advanced Weather Radar Systems, Brussels, 20-23 September 1994
November 1994

Use of satellite imagery to diagnose events leading to frontal thunderstorms:
Parts I and 11 of a case study

K A Browning and N M Roberts

November 1994

The role of spaceborne millimetre-wave radar in the global monitoring of ice
cloud

P R A Brown, A J HOlingworth, A J Heymsfield, G M McFarquhar, K A Browning
and M Gosset

December 1994

Potential Vorticity Inversion
Michal Ziaminaski
October 1994

Theory of mature tropical cyclones; A comparison between Kleinschmidt
(1951) and Emanual (1986)

Suzanne L Gray

December 1994
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