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Intraduction

One of ihe most iuportant sources of energy less in the Pressure Fodulated
Radiometer is tAua due to the irrevereibility of the thermodynami CJCJ which the
fto cvperiences. he ra”nitnu~ 18 energ 3
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ecay to the temperature of thc ;urrnvndlng is ich greater ip; the v
the piston to complete »ne c¢ycle, tnﬂr witl be very little beat lc
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conduction and "
i time is nmuch less than the period of the njbgov any temperature difference between the

gas and the surroundings during the piston cyele will quickly disappear and the cycls wi

therafore be approximately an isotaerral one in equilibrium with the ings

<
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In both of these cxtreme caces tnc energy losses are veyry small sinces
case t egligible heat loss, fu)ln in the second case the heat exchonge
reversitly as there is ncglig*i ¢ tempervature difference b@cﬁe:n gag in ilhe
aud the surroundings. Detween the d'f&h tic and 1'ﬁtnurm1t cases there are cycles
in viiich hesat conduction to the cell walls will occur throupga a i> 1ite temperatare |
difference, Such cycles will be irreversible and will exhidit a net energy loss per |
cycle, tre maximum value of vhich would be expected to occur when the thermal de¢
tine of the cell is comparable with the period of the pistone
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Temporature variations durins the cycle

re & =

A siuple method of estimating the temperaturc variaticns during the cycle is te
: cowbine the temperature changes in an adizbatic cycle wilh an exponential desay of
temperature in the following waye In an adiabatic cycle the abdbsclute temperaturs T
and voluue V of a fixed mass of gas vary in such a way that
¥ -1
v = a constaat (1)
vhere ¥ is the ratio of epecific heats (¢p/Cv e In differentiol form this may
be written
& = - (¥-1)2 a 2?
at vVdat .
The rate of change of temperature of a hody whose tenperature decays exponcentially
' 1o the surroundings temperature To is

AP =~ (T-To) (3

‘. - e T vy

at o .

here T is the tempercture of the body snd 7 is the time takea for the temverature
difforence between the body and the surroundings to fall to 1/e of its initial wval
T will be referred teo as the ‘decay time'.
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In the darivation of an expressioa for the tempcralure changes in the sg
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. it will Vs assumed that at any voint in the cycle. thse temperature of the gus 28
uniform so tuat T is a function of time only. Tae oN o,u»»n of teuperature of
- g . ALY E s St ey PRI, VL SN S Ny
the gas in the cell will be represeated by combindug (27 wad {3) to give
. 2w ¥
a7 5 - (Y1) T @Y - {PTei £
e Mln’-. Rl L
Gk V ¢t T P

B ool Al W A VU ¥ i SR R X & L 3 = 3 o



The sinusoidal motion of the piston can be represented by
VsV, (1456 sin wt) (5)

vhere V is the volume of gzas in the cell and cylinder head, V_ is the mean value
of V, § is the ratio of maximum piston volume displacement to mean volume, and w

is the frequency of the pisten multiplied by 217 . Substituting (5) into (4) gives
the differential equation jor T i=- )

o «+ (¥=1)w bcos wt + 1 ] o= To (6)
dt 1+ & sin wt T v

The solution to this equation consists of temperature variations which settle down

to a steady-state cycle after initial transients have died out. The steady-state
solution can be written as the infinite seriecs

L (l* § sin wt)'-x (I +§ (¥-)2), 0. (90) 8\1 T ) ) (7)
N

Te

vhere I, and 12 are given by

1
I, = TT!\;/'T"(E (sin wt - wr cos wl’.) ’ (8a)
l . - )
I1 = nm (Slnz\-,/t - W S 2wl + 2\"""71) y (8b)

and other values of In follow from the recurrence relation

I, = TTT:TF'?‘ (s':n"”'wl'[sfn whk = nwr coswt | +w v nin-) L ,\,.‘_) (8¢)
Figure 1 shows the temperature cycle (7) plotted against wt for To = 0°c (273.2%Kk)
and for six different values of wr. For cach curve & tales the value Q.2 which is
approximately the value calculated from experimental resulis. (3ee refs 1)e The
curves of figure 1 show that when ww is small, the amplitude of the temperature
variation is small and the cycle is close to an isothermal one, while as w7
incresses, the amplitude increases approaching an adiabatic cycle in the limit as
we —» 0o o The adiabatic cycle is found from equations (7) and (8) to be

.-?,-.: = (|+ 6 sin wt)'-x (' * ?i L) HPPRL A L) 82”)' i

& 20 (ni)s

and writing this ag
= o~ U ! F 3
Tvl ! = Tovox 1 [‘.. —&(X—I)\Z'-X)S -i-””.] : (10)

the adiabatic character can be scen on comparison with equation (1). If the cell
vas perfectly insulated the temperature cycle would be given by

gyii= I \/ox" - (11)

Equation (10) represents a cycle in which the temperature is a little less than

that given by (11) indicating that there was a small net heat loss during the period
when the transient components of the temperature cycle had not dizd out. The cycle
(10) represents an adiabatic cyele in equilibriwn with the surroundings, whereas

the cycle (11) for the perfectly insulated cell connot be in the same state us the
gas then has no cohtact with its surroundingse

1
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Figure 1 also shows that as the amplitude of the temperature variations
decreases, the cycles tend tc bzcome 90” out of phase with the piston. %his is to
be expected as, when wT is very small and the cycle is therefore nearly isothermal,
heat is conducted away so quickly that the maximun temperature of the cycle will occur
close to the point where the internal energy of the gas is increasing most rapidly, and
this will be when the piston is at its mean pesition during the compression stroxe.
At each end of the stroke, the temperature passes through T, since the piston is
momentarily at rest and the pas temperature quickly decays to the surroundings
temperature. As the detector of the Preossure Modulated Radicmeter is phase sensitive,
the yhase shift of the temperature cycle will have tho effect of recducing the unwanted
signal due to emission of radiation from gas in the celle

Estimate of enerpv losses

The work done on the gas in the cell during one complete piston cycle (which, in
the steady state must balance the heat loss) is given by

W= - Jpdv = =B [(¥¥5) v (12)
leyele I eyele P

where p is the pressure of the gas at any instant and P, is its pressure at temperature
T, and volume V, . The integrend may be evaluated using (5) and (7), and if the
emplitude of the piston is small enough for £* to be neglected compared with unity,
truncation of the series in (7) and appiication of the binomisl theorem lead to
- i X N - X~ \: . - ' N P
W = "vao J (l Y§ sim wL){\l + §'+T,|/Tf,‘-i [sm wk =W cos wt:]) wé cos wt dt (13)
tegele
The integration may be carried out over any complete cycle such es t=0 to t=271/w
leading to the recult ’
= Q=dwer sl 5y
W = I wread Fe'o (1%
; 3 : 3
This result can only be regarded as neglecting § rather than & compared with unity
because the major term of (7) vanishes in the integration in (13).

The maximum value of W occurs when wv = 1 confirming that the maximum energy loss
occurs when the decay time and piston period are comparablee. When this condition
is satisfied, the value of W is given by

MR 2 = \

\‘Jmax = -i(t-l)& Povo (15)
vhich is a factor w/& times the energy loss in a cycle with the same small piston
displacement but with adiabatic compression and expznsion alternating with constant

volume cooling and heating to the temperature of the surroundings.

Estimates of stored enerey end Q!

Assuning that the space bechind the piston is large enough for the vressure
variations it experiences during each cycle to be neglected, the maximum stored
energy per cycle E, is given by

e V,(t}ﬁ) (16
- - p- - d‘J 1 )
ot (7R)

where (p-po) represents the yressure difference across the piston. For small piston
displacements, an isothermal cycle pives

(p-p.) = %(V;V) _ (17

SE




which, when substituted into (16) leads to
L
PR bR (18)

isothermal

if terms in higher powers of § are neglecteds Similarly, the adlabatic cycle gives

- N ,. —
Ead;qbnt;c i ;138 B = ¥ E,

For the general case, (16) may be written

- PVJ r -)aly) e

°

(19)

isothermal  °

vhich may be evaluated using (5) and (7). If the binomial theorem is used to simplify

the integrand and terms in §° anad higher powers of & are neglected, the result
is

2
E= 3§ f’ (\‘f * t+w [ Ll "]) (21)
which reduces to (18) for the isothermal cycle (ww ~ 0 ) and to (15) for the

adiabatic case (wr -w»cn ),

Defining the 'Q' of the cycle by

Q = .E_IV’V?_E. , _ (22)
(14)ana (21) give
e The minimum value of Q given by this formula occurs when wT = E-‘; and is
%
Oin = T+ 35, (230)

from which values of Qnin for air ( ¥ = 1.402) and carbon dioxide (¥ = 1.3) are
found to be 7.52 and 9,17 respectivelye :

Estimates of decay tine

In the Pressure Modulated Radiometer, neglecting the gas behind the piston

in which pressure changes are much smaller, the gas occupies the detector cell, the

cyllngcr head (between the piston end the detector end of the cylinder), and the

e connecting channel between these two areas. The first two regions may be considered

| to be circular cylinders while the connecting channel may be neglected as its volume
is very small although the transier of gas along it will have some effect on the
energy losses. This effect is assumed to be small and will not be taken into account.
The dimensions of the two cylindrical regions are as follows:

Detector cell Cylinder head
Radius 0.625 cm 1.5 cn
Hotgnt © . 1.0 cn 0.25 em
Volume 1.2 oo’ 148 ca”




These values are taken from ref, (1) or are measured from engineering drawings. Taz
volume of the cylinder head is a little less than that given in rei. (1), but as the

size of this region varies during the cycle, and the mean volume has been shown
experimentally to decrease when the piston frequency is increased, the value given
above should be rerresentativee

Values of v can be estimated for the two cylindrical regions by solving the
heat conduction equation for the cooling of a circular cylinder initially at uniform
temperature T, in surroundings at constant temperature To o and computing the time
taken for the differcnce between the mean temperature of the cylinder and T, to fall
to 1/e of its initial value. This decay time is proportional to the heat capacity
of the cylinder and hence, in the present casze of a cylinder of gas, to the density
(or pressure) of the gas and to its specific Leat, It is not clear whether the
specific heat at constant pressure or at constant volume, or some other value ghould
be used as neither the pressure nor the volume remain constant during the cycle.
Decay times have therefore been calculated for both cases, and uvsing suffixes *1° and
12t for the cylinder head and detector cell respectively, the results for air as the
cell gas arete

05718 CefeBe Unit&"

Using Cy =
-l'
T, = 2,274 x 10 ? p secs
g p in torr. (2ha)
T, = 1.023 x 10 © p secs :
Using CP = 1.006 Cefebe units,
i o4
T, = 3,186 x 1077 p secs. }. p in torr. (24b)
T = 1.433 % ﬁO"h P BECS.

The variaticn of piston frequency with air pressure is known from experiments on
a breadbourd model (see ref.1), and using the above values of « , & 'Q' for the
eystem can be calculated from

: (EE,

Q= 2w (w‘w-f;) (25)
where the suffixes mean the same as those used for ¥ , and E's and W's are computed
from (21) and (14) respectively using data for air and the apopropriate volumes for

V, « The value of §&* is variable, but assuming it is the same for the cylinder
head and the cell, it cencels out in the calculation of Q. This assumption is not
strictly true since the detector does not change its volume, but the quantity of

gas it contains varies during the cycle and this should produce something like the
same effccte

Comparison with experiment

The calculated values of Q for several different mean cell pressures are given
in table 1 together with the piston frequency, and the results are shown graphically
in figure 2 vhere they are compared with experimental values taken from the elecirical
response of the system (circled dots and continuous curve). Two sets of values are
given and two theoretical curves are plotted; one using values of 7 calculated from
(2ha) with ¢, for the specific heat, and the other using (24b) which takes ¢,
rather than ¢, . The former is seen to give better agreement with theory for most
Pressures.

At low pressures the decay times are very chort and the gas cycle is almost
isothermal with negligible energy locse. Thus the theoretical curves rise to infinily
while the experimentally measured Q, which inciludes losses due to leakage pust toe
pisten, eddy current lesses etc remaine below these curves., At very high pressures
the situation is similar as the cycle becomes proctically adiabatic and @ valucs
again rise rapidly, (see table 1) although in practice the actual values of Q would

o B
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not be expected to rise so quickly because of increased losses associated with the
high piston frequencies and high cecll pressures (such as the loss due to the 'nozzle!
effect of the connecting channel between cylinder head and cell). DIxcept abt very low
pressures however, the agreement between theory and experiment is fairly good for the
range of figure 2, especially considering the number of approximations made in the
theory, and the results suggest that the irreversibility of the thermodynamic cycle is
the main cause of energy loss in the Pressure lodulated Radicmeter.

Conclusions

A theoretical estimation has been made of the thermodynamic energy losses in a
Pressure Modulated Radiometer. The thecry assumest-

(i) The deviation from adiabatic flow can be represented by a ‘decay time®
in the form of equation (4).

(ii) The cell temperature is a function of time only,.
(iii) The amplitude of the piston motion iz small.
(iv) The gas behind the piston remains at constant pressure.

As the volume of gas behind the piston is greater than the volume in either the
cylinder head or the detector cell by a factor of at leest eight, equation (1%) ehous
that energy losses in this region will be socmewhat smaller than those calculated for
the regions in front of the pistone

The results show that over most of the range of cell pressures studied, agresment
with experiment is good considering the approximations made, and they indicate that
thermodynamic irreversibility is the major source of energy loss in the system except at
very low and very high prescures when the thermodynamic losses are small cnough for
other sources of energy loss to be significant. Such sources includei-

(a) Eddy current and other electrical losses.

(b) Viscous friction and air leakage past the piston.
(¢) Gas flow through the connecting channel.

(d) Turbulence and convection in the cell.

The theory and experiments described so far have applied for an air-filled
instrument vhereas, in cperation, carbon dioxide will be the gzs used. The decay
times for carbon dioxide should be greater than those for air by a factor of about
2.5 to 3.0 resulting in a more nearly adiabatic cycle for a given cell pressure.
Because ¥ for carbeon dioxide is 1.3 compared with 1.4 for &ir, both the energy loss
per cycle and the maximum stored encrgy should be reduced, particularly the former |
vhich should be about 75% of the value for air with the sasie value of wy. (See |
equation (14)). According to equation (23) values of Q for a given wT should be
increased by about 304 for cycles which are nearly isothermal, the increase falling
to 20% for adiabuztic cycles.

The effect of a lirht pas in the cell

The temperature changes of the gas in the cell, besides giving rise to energy
losses, produce an unwanted component in the radiation recaching the detector eof the
rodiometer, as explained in vef.1. It is therefore desirable to minimize the temnerature
changec, for example by rcducing the decay time 7 in the cell. One way of doing tuls
iz by adding a light gas (hydrogen or helium) to the carbon diexide in the radicmeter,

-B =




so as to increase the thermal conductivity of the mixture and hence reduce ¥ o
Because the added gas will also increase the heat capacity of the mixture, there

is an optimum amount of added gas which produces a maximum value of thurmal diff=-
usity (hﬂlc ) and minimum 7% This is shown in figure 3, where the variation of
thermal condncti"ity (K) and heat capscity ,vv) of gas mixtures of carbon dioxide
with hydrogen or helium are plott“d F‘*lnst ;artx 2] pressure of the added gas. The

partial pressure of the pure carbon dicxide has been talken as 100 mbe but it has

been reduced in the mixtures so as to keen ./?""“ constant, where is the total
X - 2‘

pressure and P the partial pressure of c¢ rbon dioxide. This ensures that the

optical transmission of 211 the mixtures will be appreximately the same,

Thermal conductivity of the mixtures has been calculated from a formula quoted
by Reid and Sherwood (1958):~

K = 0.5 (K + Kp) : (26)

wvhere
K = xK, + x K, (272)
1/Km = x1/K1 + xz/Kz, (270)

x, and x, being the mole {ractions (fractional pressures) of the componcnts and

K? K. and X. being the thermal conductivities of the mixture and the components.

1= © 2
5 w1 -1 0,1 5
§ and %3.9 x 10 K cal, cm o sec, C have been used for
cawhcn dioxide, hydrogen and helium respectively.:

The heat capaciiies of the mixturcs,oc were calculutud fron

) (28)

\'l‘

Lec = (p'*m,c, + pywm, ¢ )/(p x 224 Litee

wvhere pP:,n; end ¢; are the partial pressure, molecular weight and specific hesat

at constant volume (and standard temperature and pr scure) of the i conmponent,

p, is the standard pressure (1012 mb), and 22.% ]itrcs is the volume gccupied by one
gram molecule of gas at S.T.P. Values of 0,165, 2.40 and 0.76 calegme C = were
used for the specific heats of carben dioxide, hydrogen and helium recpeclively.

It can be seen from figure 3 that the maximum value of K /pe¢ occurs when the
pressure of the added gas (150 mb) is about three times that of the carbon dioxide
(50 mb)e The maximum value of K/¥€ is about four times that for pure carbon gdioxide
vhen hydrogen is added and {ive times vhen helium is added. Although cozuld:*“\
reductions in w are thus possible, it must be noted that we will not be redu
proportloq. because the increase in total pressure will 1e"u1t in an increase
oscillating frecuency = by a factor of ¥2 in the optimum case just quoted. The
maximum reduction in wv, in fact, occurs with roughly equal pressures (70 mb) of
carbon dioxide and the added gas, and amounts to a factor of about 2.8 for hydrogen

and %.6 for helium.
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TABLE 1. Values of Q for air in cylinder head and cell.

PRESSURE FREQUENCY 'Q' FOR THE SYSTLM

' (torr) (hertz) (ey) (cp)
4 28.0 66425 47.96
13 32.0 20.05 15.53
‘ 22 36.0 12.78 10.89

y 2 43,0 9.59 9.27 ‘

60 48.0 9.21 9.18 ;

80 53.5 9.20 9.5k S

: 100 59.0 9.51  10.38 ' ‘

... T 192 82.0 ~ 14.60  18.78
392 116.0 35.29 48,43
592 145.0 64 47 ' 89.50

766 160.0 -90.47 ‘ 125.98

Data for air 4 :
Thermal conductivity = 2.41%10" _
Specific heat at constant volume = 0.718rj.gg:1fK:

Specific heat at constant pressure_=5 f' ,,: ;”:1’

l|' 1 -1'°Kr-1

jecm. sec. e
1

Rﬁtf@,6f.speqific-he§35g= 1.40
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