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Meridional overturning circulations driven by surface wind and buoyancy forcing
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ABSTRACT

The Meridional Overturning Circulation (MOC) can be considered to consist of a downwelling limb in the
Northern Hemisphere (NH) and an upwelling limb in the Southern Hemisphere (SH) that are connected via
western boundary currents. Steady-state analytical gyre-scale solutions of the planetary geostrophic equations
are derived for a downwelling limb driven in the NH solely by surface heat loss. In these solutions the rates
of the water mass transformations between layers driven by the surface heat loss determine the strength of the
downwelling limb. Simple expressions are obtained for these transformation rates which depend on the most
southerly latitudes where heat loss occurs and the depths of the isopycnals on the eastern boundary. Previously
derived expressions for the water mass transformation rates in sub-polar gyres driven by the Ekman upwelling
characteristic of the SH are also summarised. Explicit expressions for the MOC transport and the depths
of isopycnals on the eastern boundary are then derived by equating the water mass transformations in the
upwelling and downwelling limbs. The MOC obtained for a “single-basin” 2-layer model is shown to be
generally consistent with that obtained by Gnanadesikan (1999). The model’s energetics are derived and
discussed and solutions for the MOC obtained in a “single-basin” 3-layer model are also derived. In a world
ocean without a circumpolar channel in the SH it is suggested that the upwelling limb would feed downwelling
limbs in both hemispheres. In a world with two basins in the northern hemisphere, if one of them has a strong

halocline the model suggests that the MOC would be very weak in that basin.

1. Introduction

This Technical Report is an extended version of a pa-
per (Bell 2015a) that has been submitted for peer review.
It contains an additional section and appendix that were
omitted from that paper and a longer discussion compar-
ing the new results with those in previous papers.

The Meridional Overturning Circulation (MOC) in the
Atlantic Ocean is part of a complex global circulation in
which dense water formed by surface cooling in the North
Atlantic flows in deep western boundary currents into the
Southern Hemisphere (SH) before re-surfacing south of
the Antarctic Circumpolar Current (ACC) in a region of
surface warming (Marshall and Speer 2012). Despite in-
tensive study there are still differing conceptual views of
the dynamics and energetics of this “conveyor belt” circu-
lation (Huang 2010, sec 5.4). One point that is clear is
that, as explained in Wunsch and Ferrari (2004) and Val-
lis (2006, sec 15.2), consideration of the energy budget
shows that it is very unlikely that a consistent dynamical
model of the MOC could be developed that is driven solely
by surface buoyancy fluxes.
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Following Cox (1989), various modeling studies have
shown that the wind stresses in the South Atlantic have an
important influence on the Atlantic MOC. Toggweiler and
Samuels (1995) emphasized the role of the zonal mean Ek-
man transport at the northern edge of the Drake passage.
Building on ideas about the momentum balance in the cir-
cumpolar channel, as presented for example by Rintoul
et al (2001), Gnanadesikan (1999), hereafter referred to as
G99, proposed a simple model for the strength of the MOC
in which the strength of the overturning transport in the
Southern Ocean is determined by the northward Ekman
transport in the channel and the net southward transport
by the time-varying “eddies” at mid-depths. Gnanade-
sikan closed his model of the MOC transports by using
scaling arguments relating the strength of the baroclinic
western boundary current in the North Atlantic and the di-
abatic mixing at the base of the thermocline to the depth
of the thermocline. In G99 the strength of the MOC is
determined by a cubic equation for the depth of the ther-
mocline at mid-latitudes and is proportional to the square
of this depth.

The main aim of this paper is to derive expressions for
the MOC based on the rates of water mass transformations
obtained in solutions to the planetary geostrophic equa-
tions (PGEs) and to compare these expressions with those
obtained in G99. The simplest physical configuration for



FIG. 1. (a) Depiction of the simplest ocean domain for which solutions are derived. The ocean occupies a rectangular basin spanning the equator
with a periodic channel at its southern boundary. The model has only 2 isopycnal layers. The lower layer shoals or outcrops in the diagonally
shaded regions. The surface heat flux into the ocean, Qp, is only non-zero in the two regions shown. The zonal wind stress 7,(y) is shown on the
left of the figure. (b) The 2-basin configuration discussed in section 9b. The basins are separated by a ”continent” which extends to about 30°S.

which solutions are obtained is illustrated in Figure la.
Following many previous authors (e.g. Greatbatch and Lu
2003) the ocean domain is represented as a single basin
which is closed in the Northern Hemisphere (NH) and has
a periodic channel in the SH and the ocean itself is rep-
resented by a small number of isopycnal layers (only two
layers in Figure la). Unlike many previous studies the
strong surface westerlies in the SH are specified to be a
maximum well to the north of the channel, as they are in
re-analyses (Radko and Marshall 2006), and the basin is
taken to span almost 360° of longitude. In order to sim-
plify the calculations, the surface wind stress is taken to
be zonal and to be zero in the latitudes of the channel. The
atmospheric surface temperature is taken to vary with lat-
itude being colder at high latitudes than at the equator.
The nature of the solutions that are obtained when the
surface temperature varies only with latitude is indicated
by the shaded regions in Figure la, which represent the
regions in which the upper isopycnal layer either shoals or
outcrops. The surface winds in the SH drive Ekman up-

welling south of the wind stress maximum which causes
the upper layer to shoal in the west of the basin. It is
assumed that the surface atmosphere is warm enough at
these latitudes for this to result in a positive surface heat
flux into the ocean, Qg > 0, which transforms water from
the lower layer into water in the upper layer in this region
of shoaling. The upper layer also outcrops in the south
of the channel and the flow within the channel is purely
zonal and in “thermal wind” balance with the sloping in-
terface between the layers. The formulation of the buoy-
ancy forcing used and the motivation for and derivation
of these solutions for the SH have been presented in Bell
(2015b), hereafter referred to as B15. These solutions with
a sub-polar gyre to the north of Drake passage and an en-
tirely separate zonal flow within the channel do not resem-
ble the flow in the Southern Ocean very closely. But B15
suggests that if the wind stress field illustrated in figure 1
were moved southward the westward flow in the southern
half of the gyre would also move south and “merge” with
the eastward flow in the channel to leave a single circum-



polar flow which deflects sharply northward immediately
to the east of Drake passage. The solutions capture the
east-west asymmetry in the net surface heat fluxes at about
50 — 55°S which is prominent in a number of surface flux
products (see Figure 5.2 of Josey et al 2013).

Along the eastern boundary of the ocean basin the
boundary conditions used imply that the upper layer depth
does not change with latitude. As a result at high latitudes
in the NH, where the surface atmosphere is sufficiently
cold, there is a region of substantial heat loss where water
in the surface layer is transformed into water in the lower
layer. Global steady state solutions are obtained by choos-
ing the depth of the upper layer on the eastern boundary
so that the heat lost from the upper layer at the surface
in the NH is equal to the heat gained in the SH. It is as-
sumed that northern and western boundary currents close
the interior circulations. One can imagine that nearer the
equator than the regions with non-zero Qg discussed in
this paper, additional warmer water layers overlie the two
layers discussed here.

The rest of this paper is structured as follows. Sec-
tion 2 briefly summarises the formulation of the model,
B15 gives a more detailed discussion. Section 3 presents
simple analytical calculations of the water mass transfor-
mations which occur at high latitudes when the model is
driven in the NH solely by surface cooling. Section 4
briefly explains the conceptual summary of the results for
water mass transformations driven by Ekman upwelling in
the SH derived in B15. Section 5 presents a 2-layer model
of the MOC obtained by combining the above solutions for
the NH and SH. Section 6 compares the model’s formula-
tion and results with those of G99 and section 7 discusses
the model’s energetics.

Section 8 presents a 3-layer model of the MOC which
was omitted from Bell (2015a) but may be of interest to
mathematically-minded readers. The solutions and deriva-
tions are conceptually and qualitatively similar to those for
the 2-layer model. In particular the depths of the two inter-
faces between the three layers on the eastern boundary are
determined by the condition that the net surface heat flux
into each layer should be zero and the total MOC transport
is of similar magnitude to that of the 2-layer model. The
technical details are however more complicated and it is
recommended that this section be omitted on first reading.
The appendix contains some mathematical details used in
these derivations.

Section 9 discusses MOCs in a “world” without a cir-
cumpolar channel in the SH and in a world with two basins
one of which has a strong halocline. Section 10 compares
the models of the MOC and the Southern Ocean presented
here with some previous models other than G99. This sec-
tion spells out the main points more explicitly and covers
a slightly wider range of papers than the corresponding
discussion in the introduction of Bell (2015a). Section 11
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summarises and discusses the simplifications used in the
paper.

2. Governing equations

The PGEs will be taken to govern the motions in the
ocean interior (i.e. outside “side-wall” boundary layers).
These equations are appropriate for large-scale motions in
the ocean with small Rossby number (see e.g. Vallis 2006,
secs. 3.3 and 5.3). For simplicity they are written in Carte-
sian coordinates with x increasing eastward and y north-
ward. Figure 2 illustrates the notation that will be used

z=0| o
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—

FIG. 2. Vertical section through a model with three layers. x and z
are coordinates which increase eastward and with height respectively.
z =0 at the ocean surface, A; is the depth of the ith layer and 1); is the
height of the interface at the base of the ith layer measured from z = 0.

for the case of an ocean with three layers. h; denotes the
depth of the ith layer and n); the height of the internal inter-
face at the bottom of the ith layer measured from the con-
stant geopotential surface z = 0. The depth of the ocean
bathymetry, H (x,y), may vary in regions where the lowest
layer is at rest (reduced gravity) but for simplicity will be
taken to be flat in regions where the lowest layer is directly
forced (either by buoyancy or wind forcing). The density,
geopotential and horizontal velocities of the ith layer are
denoted by p;, ¢; and u; = (u;,v;) respectively. Defining

no =0, ey

the layer depths and heights of the interfaces are related
by
hi=ni-1—ni, 1<i<N. (2)
The planetary geostrophic approximations to the horizon-
tal momentum, hydrostatic and continuity equations are
then given by
FRxu= -V + 2 3)
b " pohi”

Oir1 = Gi+8iMNi, “4)
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In (3) — (5), which will be taken to apply for | <i <N, f =
2Qsin @ is the Coriolis parameter, where € is the Earth’s
rotation rate and ¢ is latitude, k is the unit vector parallel
to the z axis and 7; = (T, ’L’iy) is the turbulent momentum
flux absorbed in the ith layer (the wind stress on the layer
if it is at the surface and sufficiently deep). In (5) Q;i+1
is the volume flux of water transformed from that of layer
i+ 1 into that of layer i as a result of the surface buoyancy
fluxes across the ocean surface and mixing processes. As
in (1),

Qo1 =0. (6)

The formulation of the parametrisation of Q; ;11 used
here is discussed in detail in B15. The solutions derived in
this paper have no freshwater fluxes and for this case

arQff
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Qiiv1=

where Qf’ is the net heat flux, a7 is the thermal expan-
sion coefficient and cp is the specific heat capacity of the
water. When layer i is at the surface and the salinities in
layers i and i + 1 are the same, surface cooling QIH will be
parametrised by
O =rg(Ta—T), Ta< T, (8)
in which T4 (x,y) is an imposed atmospheric surface tem-
perature, 7; is the temperature of the ith layer and ry is the
Haney coefficient. This formulation requires the surface
cooling to form water that is denser than that in the layer
below the surface before convection occurs. Section 9b
discusses a case in which the salinities of the two layers
differ and (8) needs to be modified accordingly. Where
the atmosphere surface temperature is warmer than that
of the surface layer, the effective surface heating and the
diabatic mixing are taken to reduce with the depth of the
surface layer divided by a mixing length, Ao, and Q¥ is
specified by
Of =rg(Ta—Ty)e"e, T, >T, ©)
There is taken to be no heat flux for other surface temper-
atures
o' =0,
A model with only a small number of layers that uses
(10), is likely to have zero values of Q; ;1 over quite wide
regions of the domain. So the fluxes that are obtained us-
ing the above parametrisation in a two-layer model are
of limited fidelity. This is one of the main motivations
for the derivation of the N-layer surface cooling solution
presented in subsection 3c. Together (8) and (10) result
in a surface flux field that has discontinuities where the
ith layer is at the surface along lines where Ty = Ti11.

T <Ty <T,. (10)

For some purposes it certainly would be preferable to re-
specify (8) to avoid this but the solutions discussed in this
paper are robust to such discontinuities.

This paper will only consider steady state solutions and
will assume that the eastern boundary layers are unable
to absorb any normal flow so that no-normal flow bound-
ary conditions apply to all the layers. It also assumes that
the wind stress parallel to the boundary is zero (as is the
case when the winds are zonal and the boundaries lie due
north-south). Denoting the eastern boundary by xg (y) and
using (3) and (4) this implies that the geopotentials and the
heights of the interfaces are constant along eastern bound-
aries

¢ (xe (v),y) = 0 = die, (11)
i (xe (v),y) =10 = N (12)

Northern and western boundary layers will be assumed
to be able to absorb and re-circulate whatever flow is de-
termined from the eastern boundary conditions and the in-
terior equations (Huang and Flierl 1987).

The velocities u; in (3) can be diagnosed from ¢; so (3)
and (5) can be reduced to a single equation for each layer
by multiplying (3) by 4; and substituting the resulting ex-
pression for h;u; into (5). Doing this and setting the time
derivative in (5) to zero one obtains

J(‘Pial}i) =0ii+1—0i-1,—C;, 1Zi<N, (13)

where J denotes the Jacobian derivative, which for any ¢
and v is given by
(14)

and C; is an expression for the Ekman pumping in the ith

layer given by
T<
p()C,' =Vx (;) .

The total Ekman pumping, C, is calculated from the total
wind stress, T, as in (15).

The area integral of the rate of transformation of water
from layer j to layer i, which is a volume flux with units
m3s~!, will be denoted by

Ip(i,j) = / / | Qi jdxdy.

These integrals for the NH and the SH are of primary im-
portance because they describe/determine the MOC across
the equator.

(15)

(16)

3. Water mass transformations driven in the NH solely
by surface cooling

A particularly simple and informative set of analytical
steady state solutions can be obtained when the surface



wind forcing is small enough in comparison to the surface
heat loss to be ignored. This approximation can be made
for a narrow basin, like the Atlantic, when |Q; 2| > |C|
and hence C is negligible on the rhs of (13). The re-
striction to narrow basins is necessary because the wind
field modifies the path of the characteristics in wide basins
(see e.g. Schloesser et al 2014, or B15). In the North
Atlantic, taking T ~ 0.06Nm~2 and Ay ~ 2.10°m using
(15) one finds that |C| ~ 3 x 10~'m3s~!. Using T} =
10°C and 7, = 4°C one finds (e.g. using Gill 1982, ap-
pendix 3) that oy ~ 1.310~*K !, cp ~410°Tkg 'K ~! and
P2 — p1 ~ 0.83kgm™3. Using these values in (7) gives
Q12 ~4x 10_8Q§q where Q{{ is expressed in Wm2.
Since the net heat flux in the North Atlantic is of the order
of 60Wm~2 neglect of the surface wind stresses is reason-
ably well founded. T and Q will be allowed to vary with
both longitude, x, and latitude, y, in this section.

a. Solutions in the layer at the surface next to the eastern
boundary

FI1G. 3. Depiction of the regions R; and boundaries B; for the surface
cooling calculation. Layer i outcrops along B;. Region R; is bounded to
the west by B; to the south by T4 = T;;| and to the east by x = xg when
i=1andby B;_; wheni>1

Consider first the solution for region Ry which is illus-
trated and defined in Figure 3 and its caption. As only the
two upper layers are directly forced, the lower layers can
be taken to be at rest and hence

03 =3 =0, (17)

the constant value of @3¢ being taken to be zero for conve-
nience. The steady state solutions of (4) and (13) for the
two active layers must then satisfy

(18)

0=-g2M, ¢1=-g1M—gM,

J ((Pl,_],m) =012, (19)

J <¢27 m fn2) =—012.

Summing (19) and (20), using (18), recalling that
J(y,y) =0 for any y, and introducing 8 = df/dy, one
finds that

(20)

B 2 2 2
ﬁa(gﬂh +82n2)20~ (21)
Integrating (21) wrt x from the eastern boundary gives the
Sverdrup relation

&Nt + &1 = gi1Mix + 8215 (22)
Using the definition of the Jacobian and (22) one then sees
that

2g2m2J (M2, ) = g2J (N3, m1)

(23)
=—giJ (nf.m) =0.

Multiplying (19) by 1, using (18b) to eliminate ¢; and
then using (21) and (23) one obtains

0
Bgimi (m—m) % =~ 1m0,

(24)
As is well known (e.g. Pedlosky 2012), (22) and (24) to-
gether define a first order ordinary differential equation for
11 which can be solved using elementary methods. This
holds even though Q> is still an unspecified function of
the coordinates x and y.

A remarkably simple expression (see (31) below) for
the area integral of Q; > in region R can be obtained by
first integrating (24) wrt x after writing (22) in the form

&3 =g (ag —n?), (25)

g1aE = g1Mie + &Mk (26)

Assuming that the surface heat flux is strong enough to
make the upper layer outcrop before it reaches the western
boundary and using (25) in (24) one obtains

mEe 2
/szQl,zdx:_ﬁ/O g+ Y882 g
Jr, .

2 2
ag—mM

(27)

Choosing to define ag to be negative, allows one to define
positive angles ¥ and ¥ such that

agsint =1y,

ag sinVg = Ny, (28)

and to calculate the second integral on the rhs of (27):

BKi.
= — i 2
/RlQl,zd’C o (29)
K12 =ginie — veigeag (0 — Asin20). (30



K > only depends on the layer depths along the eastern
boundary so is independent of latitude. Consequently (29)
can be integrated with respect to latitude:

K
Io(12)= [ Quadey=S2L(p),  GD
1
L( )——49/”£d ——/W 5P Rdp, (32)
92)= o 2297 7 Jo, RsinZe

where R is the Earth’s radius. In (32), ¢, is a latitude
fractionally poleward of that at which Ty = 7> and @p is
the most poleward latitude of the eastern boundary. To be
more precise, ¢, is the first latitude at which water in layer
1 is transformed into water in layer 2 sufficiently rapidly
for layer 1 to outcrop within the basin. The transition be-
tween there being no heat flux and very strong heat fluxes
in this model is very sharp because of the formulation of
the parameterisation of heat loss in (8) so in this paper
the latitude of outcropping will be taken to be the most
southerly latitude at which Ty (x,y) =T .

Expression (31) for the key quantity Ip(1,2) should be
viewed as a dynamical result. The horizontal divergences
in the upper and lower layers resulting from the exchange
of water between them must be balanced by changes in
the potential vorticity of water in the two layers as given
by (19) and (20). This determines the east-west slope in
the depths of the isopycnals (see (24)) and hence the latitu-
dinal dependence of the zonal integral (29) of the volume
flux Qg ».

TABLE 1. Evaluations of —L (¢ ) defined by (33).

@°N | cscp—1

90 0

85 0.0038
80 0.0154
75 0.035
70 0.064
65 0.103
60 0.154
55 0.221
50 0.305

The integral in (32) is easily calculated:

L(g) = [esc ]yl ~ — (cscpr —1). 33)
Table 1 provides evaluations of csc ¢ — 1 as a function of
latitude from which it is clear that the approximation in
(33) is accurate to within 10% for evaluations of L with
¢ = 60°N in basins where the eastern boundary extends
poleward of 80°N .

b. Solutions in the lower layers of a 3-layer model

Consider now the solution for a 3-layer model in region
R in figure 3. At the eastern edge of this region, i.e. at
the boudary B between regions Ry and R;, 1113, = 0 and,
from (17), ¢3 = 0. Using these points with (22) gives

2 2 2 _
82Mrp, = &1 Mig + &Mk, 938 =0. (34)
Within region R itself the steady state solutions of (4) and
(13) for the two remaining layers must satisfy

02 =3 —g2Ma, (35)
J (¢27_fnz> =013, (36)
J (¢3, i *J}"Z> — 0. (37)

Summing (36) and (37), assuming that the bathymetry is
flat, and integrating wrt x westward from By, (i.e. repeat-
ing the steps in the derivation of (22)) one obtains the Sver-
drup relation for region R; in the form:

8213 +2H¢3 = ganip, +2H ¢35, (38)
Combining (38) and (34) then gives
213 +2Ho3 = g1 N + 8213 (39)

(39) implies that J(n2,¢3) = 0 and by similar steps to
those in the derivation of (24) one finds that

0
Bgomo (H+12) % =—fHQ3.

(40)
Integrating wrt x and then wrt y as in the derivation of
(31) and assuming that the surface heat fluxes in region R,
poleward of latitude @3 are strong enough to make layer 2
outcrop one then finds that

My
10(2.3)= "2 1(g), @
My~ = 2 2n231
23=8Mp, | 1+ A0 ) (42)

TABLE 2. Evaluations of terms in (31) and (41) using (30) and (42)
for selected values of 11 and nyr. Other values used are g; = 2g, =
0.008ms 2, H = 4000m

Kip M3

—me(m)  —mpep(m) | 5 Sv)  Zg5 (Sv)
500 1000 4.96 17.1
1000 2000 19.8 50.7
1500 3000 44.6 74.8




Table 2 presents evaluations of the latitude independent
factors in (31) that contribute to Iy (1,2) and those in (41)
that contribute to Iy (2,3) for a three-layer model whose
layer temperatures are 10°C, 4°C and —2°C and whose
salinity is 35 ppt in all layers.

In order to combine tables 1 and 2 it is necessary to
specify the lowest latitudes at which the transformations
from 10°C to 4°C water and from 4°C to —2°C water
take place. The surface air temperature in the North At-
lantic is colder on the western side of the basin so the
latitudes should be based on the air temperatures there.
The surface air temperature east of the Grand Banks (at
50°N) varies from 0°C in February to 10°C in July, so the
steady-state calculation that has been posed is clearly an
over-simplification. Given this position a reasonable ap-
proach is to specify some plausible values for these lati-
tudes and to interpret the results with caution. It will be
assumed in this and later calculations that 4°C water will
start to form at 60°N and —2°C water at 70°N, noting that
a more southerly latitude of 50°N could plausibly be used
for the formation of 4°C water and that this would double
the amount of water transformed.

With the above choices taking the depths of the layer in-
terfaces on the eastern boundary to be 1000m and 2000m,
one sees from tables 1 and 2 that the diapycnal mass
transport from layer 1 to 2, Ip(1,2), would be 0.154 x
19.8Sv = 3.0Sv whilst that from layer 2 to 3 would be
0.064 x 50.7Sv = 3.2Sv. Clearly the transports in this
model depend strongly on the depths of the interfaces on
the eastern boundary and the most equatorward latitude at
which surface cooling starts to generate water for each of
the layers.

The zonal scale of the solutions of (24) and (40) varies
with latitude in proportional to Bf~2. At high latitudes
this scale becomes very small and the surface cooling is
likely to become concentrated near the eastern boundary
and to give rise to a baroclinic eastern boundary current.
This current might be interpreted in the Atlantic as the
Norwegian Coastal Current (LaCasce 2004). The typical
shapes of the isopycnal gradients in these currents are il-
lustrated in Bell (2011).

c. Solutions in models with more layers

Using proof by induction one can derive similar solu-
tions for models with more layers. These solutions are not
used subsequently so are simply stated here; the proof fol-
lows the steps already described

In a model with more than n + 1 layers in the region R,
defined in Figure 3, where the wind stresses are negligible
and the ocean is losing heat to the atmosphere, the solution
satisfies

8nTla +8ns1 My = W(n+1), 43)
OMn
ﬁgnnn(nrwl*nn) (91;’6 :*fznnJrlQn,rﬁh (44)

where

Wn) =Y emi (45)
i=1

and on the eastern boundary of region n (i.e. on B,_1 )

(46)

g’lnr% By =W (n), 71n+1\3 = Nn+1E-

n—1

Repeating the steps in the derivation of (31) one finds that

K,
Tonn+1)= [ Quurdidy = 2221 (g.1), @4)
Ry 4Q
Kuns1 =W (n) — /5L (9, — Lsin20,) W (n+1),

' gl’l
(48)
. W (n)
2 _
n = . 4
sin” %, WD) (49)

The above derivation has again assumed that the sur-
face heat flux is strong enough that poleward of the most
southerly latitude at which Ty = 7,4 the nth layer will
outcrop. It also requires that the nth layer does not become
deeper than the n + 1th layer at any point in the domain.
This can readily be checked using (46a) which with (45)
gives a simple expression for the maximum depth reached
by the base of the nth layer. For example denoting the ratio
of gi and g, by u, (i.e. U, = g1/g2) and the ratio of nig
and nyp by Uy, (i.e. W, = Nie/MeE) the maximum depth

V(14 Reit)
times its depth at the eastern boundary. With t, = 2 and
Uy = % this gives a maximum depth of about —1.22 x M.

reached by the base of the second layer is

4. Solutions for Ekman driven upwelling

B15 presents numerical solutions obtained using the 3-
layer PGEs for sub-polar gyre circulations in wide basins
driven by strong Ekman upwelling centred at 55°S. The
conceptual summary of the results for a 2-layer model is
presented in Figure 4. A sub-polar gyre is obtained be-
tween the latitude to the north where the zonal wind stress
is a maximum and that to the south where it is a mini-
mum. The range in the wind stress will be denoted by
Trange = Tmax — Tmin- 1he upper layer shoals along the
curve shown which lies within the latitudes of maximum
and minimum wind stress. The eastern edge of this curve
lies at x; which is given by

21°C(x1 —xg) = —Baini (50)
Within the region where the upper layer shoals, if the wa-
ter in the surface layer is colder than the atmosphere (i.e.
T1 < Ty ), the rate of transformation of water from layer 2
to layer 1,1i.e. Q1 2, is found to be controlled by the Ekman
pumping, C defined in (15), with Q; > ~ C. An approxi-
mate expression for the area integral of the rate at which
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FIG. 4. The conceptual picture used to summarise the numerical
results for a 2-layer model. It shows the outcropping region obtained in
the sub-polar gyre inside which the net surface heat flux is controlled by
the wind stress curl, C.

layer 1 obtains water (a flux with units of m3s~") is then
given by

lo= [ [ Qiaddy~Clvi—xw)sy 5D
where Ay is the north-south extent of the outcropping re-
gion.
Away from the equator to a good approximation
fPoC = —d1,/dy so one can write
SPoCAY = —YTrange (52)
and expect 1/2 <y < 1. Calculating y by substituting (52)
into (51) and using values of Ip from the numerical solu-
tions confirms that it is appropriate to use this range of val-
ues of ¥ and that ¥ = 0.9 is a good choice for solutions in

which the shoaling occurs in mid-basin. Combining (50)
—(52) gives

Io ~ C(x1 —xg +xg —xw)Ay

ﬁgl T'12E Ay— Y Trange (XE —XW)
2f? fpo

Note that the first term on the rhs of (53) is negative whilst
the second term is positive and equal to 7y times the inte-
gral across the basin of the difference between the north-
ward Ekman transports (/(po f)) where the wind stress is
a maximum and a minimum.

(53)

5. A 2-layer model of the MOC

Following Walin (1982), Szoeke (1995) and Gnanade-
sikan (1999) consider the implications of requiring the
volume transferred from the upper to the lower layer ac-
companying surface cooling in the NH to equal the volume

transferred from the lower to the upper layer accompany-
ing the warming of cold upwelling water in the SH, I
as given by (53). Adapting (41) and (42) to the 2-layer
model, the rate at which volume is lost from layer 1 to 2
in the NH is given by

ML
==/ R
J JRy
o2 (14 2ME &g 2 55
M2 = g1MiE t3g ) B8z (55

The final approximation above assumes that h1p < H.
This assumption is made here for simplicity. A similar cal-
culation which does not make this approximation is pre-
sented in section 8 below.

Equating I; as given by (54) with Ip as given by (53)
one obtains

Aycot Qg
R (56)
= 2}/Trange (xE - XW) s

PogiNie |L(¢2)sin s —

where @y is a latitude representative of that where water
upwells in the SH.

Taking the water in the two layers to have temperatures
of 10°C and 4°C, the value for ¢, will be set to 60°N,
as discussed in section 3b. The upwelling region will be
taken to be centred at 55°S, so @g = 55°S, and its width
will be taken to be 10°, so that Ay =~ R/6. One then
finds that L (¢,)sin@s = 0.126 and Aycot@s = —0.117R
so that the term in square brackets in (56) equals 0.24.
Then taking ¥ = 0.9, Trapge = 0.15Nm~2 and xg —xy =
2 x 107m, one finds that g7z = 2.25 x 10*m3s~!. As
g1 = 0.008ms 2 for the interface between 4°C and 10°C
water this gives hjg ~ 1680m. Using (54) and the full ex-
pression in (55) for M » the overturning circulation is then

_ MiaL(2)
4Q

0.154 3!
4x7x%x10-5
~ 8.6 x 10°m3s~1.

I = ~1.6x 10"

(57

This value should be compared with the MOC transport
at about 60°N rather than the transport obtained from the
RAPID array at 26.5°N which is bolstered by the heat
losses in the Gulf Stream at about 40°N.

6. Comparisons with Gnanadesikan (1999)

Gnanadesikan (1999) (G99 hereafter) infers the
strength of the overturning circulation in the NH, 7, in
his notation, from a calculation of the western boundary
current involving the depth of the thermocline, D. The for-
mulae for 7;, and I, as given by (54) involve correspond-
ing terms for g’, D and B ~ 2Q/R in G99’s notation and
g1, Mg and Q in the notation of this paper. This agree-
ment is very welcome because the transport in the western



boundary current needs to match the water mass transfor-
mations by the surface fluxes for the circulations to be self
consistent. (Appendix A of Fiirst and Levermann 2012,
discusses a number of alternative scalings for 7,,.) There
appears to be a quantitative difference between the formu-
lae, with G99’s choice for his constant of proportionality
C giving T, a factor of 4 larger than would be calculated
using the formulae for /;, and the “standard” choices of pa-
rameters in this paper, but two factors may account for this
discrepancy. First G99 chooses C by fitting to the MOC
from a General Circulation Model. This MOC would in-
clude a wider range of water masses than the 4°C to 10°C
range considered here. Second as already noted the choice
of ¢, used here may be conservative. Choosing a value of
50°N in place of 60°N would double the strength of the
circulation.

G99’s argument for the overturning circulation in the
SH, Ty in his notation, depends on there being a Southern
Ocean channel whereas the expression (53) was derived
for a basin. The formulae for Ty and /p nevertheless have
a similar dependence on a zonally integrated Ekman flux.
In the case of G99 this is a circumpolar Ekman flux within
the Drake passage whereas in this paper it is the differ-
ence between the basin-wide Ekman fluxes at the latitudes
where the wind stress is a maximum and a minimum. The
correction to the Ekman flux depends on the eddy bolus
transport in G99, proportional to A;D, Aj being the “Gent-
McWilliams” diffusion parameter, whilst in this paper the
correction depends on the distance between the eastern
edge of the shoaling region and the eastern boundary and
is proportional to nle. Gnandesikan et al (2003) note that
a quadratic dependence on D for the correction can pro-
duce a better fit to the SH transports in their coarse res-
olution ocean model than a linear dependence. G99 also
includes a parametrisation of diapycnal upwelling through
the low-latitude pycnocline which could easily have been
included in (56) but has been omitted.

In summary despite the differences in their derivation
and interpretation the models of the MOC given here and
in G99 produce results that are remarkably similar.

7. Energetics of the N-layer model

As the energetics of the MOC have had a significant in-
fluence on ideas about how it is driven (Vallis 2006; Wun-
sch and Ferrari 2004; Hughes et al 2009; Tailleux 2009),
and the energetics of the model described in this paper are
very straightforward it is pertinent to describe them. The
derivations here stem from sections 5.7 and 6.7 of Gill
(1982).

The kinetic energy equation is obtained by taking the
scalar product of the horizontal momentum equation (3)
with poh,’uii

_ (99 I
0= —poh; (uzax +vi ay

> + (uiTx,- + V,'Ty,') . (58)
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The equation for the evolution of potential energy is ob-
tained by multiplying (5) by po¢;:

oh;
P0¢i7; +pod;V. (hiw;) = podi (Qiiv1 — Qi-14). (59)
As the upper and lower interfaces are stationary, using (2)
and (4) the first term on the lhs of (59) when summed

over all layers reduces to the familiar form for the rate of
change of potential energy:

N9
Po Z‘Pig (=i +1ni-1)
i=1

N1

p f 6 (0 g m) (60)
= Po —VYi—S i—1 i—171i—1
= at at
N—1 a 2
_ o ni
_pOi:ZIgtat ) .

When (58) and (59) are added together the first term on
the rhs of (58) and the second term on the lhs of (59) can
clearly be combined into the divergence of the horizontal
flux po@;h;u;. The final term on the rhs of (58) is then
the energy input by the surface wind stress and the term
on the rhs of (59) is the potential energy input by the sur-
face buoyancy fluxes. If at a particular point (x,y) the two
layers directly affected by the buoyancy flux are layers p
and p + 1 then the total input to the potential energy by
the buoyancy flux, Q, ,41, summed over the two layers
affected is given by po (¢, — @p+1) Op p+1. From (4) this
is equal to —pog,N,Qp.p+1. Hence when the surface heat-
ing occurs in shallow layers at the surface and the cooling
occurs in deep surface layers (as envisaged in this paper)
the buoyancy forcing is a net sink of potential energy.
Two further points should be made before leaving the
energetics. Firstly the expressions described above only
apply to the ocean interior, not to the boundary current
regions where one would expect there to be some addi-
tional dissipation of energy. Secondly the energetics only
place one constraint on the motions. When this constraint
is sufficient to arrest any flow it is of great interest but in
situations where it is not its importance diminishes.

8. A three-layer model of the MOC

This section extends the argument of the previous sub-
section to a 3-layer model. Subsection 8a describes the
conceptual summary of the results for a 3-layer model
in the SH corresponding to those described in section 4
above. Subsection 8b then defines the model’s formula-
tion. It transpires that the solution for 17,5, can be obtained
independently from that of £, so the solution for 153, is
presented in subsection 8c and that for /g in subsection
8d. The derivations of technical details of the solutions are
presented in the appendix.
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a. 3-layer Ekman upwelling solution in SH

Figure 5 provides a conceptual summary of the results
obtained for the case of a 3-layer model similar to that
of figure 4 for a 2-layer model. The upper layer shoals

FI1G. 5. The conceptual picture used to summarise the numerical
results for a 3-layer model. The regions in which Q1 >, Q1,3 and Q» 3 are
non-zero are shaded vertically, horizontally and diagonally respectively.
The outcrop longitudes x; and x; are also indicated. For this case a
suitable value for 8; would be about 0.4.

along the curve whose eastern edge lies at x; and the sec-
ond layer shoals along the curve whose eastern edge is at
Xp. Xy is given by
2fC (s —xk) = —Bgami, (61)
in which 7, is defined by (34). (50) can be used to pre-
dict x; (though alternative expressions are possible).
Where one or both upper layers shoal the rate of wa-
ter mass transformation is again given to a good approxi-
mation by the wind stress curl, C. But depending on the
relative temperatures of the upper layers and that of the
imposed atmospheric surface, water may be transformed
from layer 2 into layer 1, layer 3 into layer 2 or directly
from layer 3 into layer 1. Assuming that wherever it shoals
layer 2 is cooler than the surface atmosphere, the rate at
which water is extracted from layer 3 can be expressed as

Ix3 = / /SH (Q13+Q23)dxdy = C (x2 —xw ) Ay (62)
Using (52) and (61) in (62) one obtains

Y Trange

__B
IXS——zfngThB,Ay— 7po (63)

(xg —xw) .

Similarly the rate at which layer 1 obtains water from other
layers can be expressed as

for= [ [ (@12+Q13)dxdy~C 1 —aw) &1y, (64
SH

where 8, depends on the fraction of the region where the
upper layer shoals which is equatorward of the latitude at
which Ty = T;. If the latitudes at which the wind stress curl
is a maximum and T4 = T; coincide then an appropriate
value for 0; would be somewhat less than % because the
upper layer can be expected to shoal equatorward of the
line where Ty = T; (see figure 5). Combining (64) with
(50) and (52) one obtains

oy

65
Spo (63)

Io1 = _zﬂfzglnlealAy_ Trange (xg —xw).

b. Model Formulation

Expressions for the area integrals in the SH of the rates
at which layer 1 obtains water, Ip;, and water is extracted
from layer 3, Ix3, are given by (65) and (63) respectively.

In the NH, the water lost from layer 1, I 1, is given by

== [ [ Gty =522 o)
and the water obtained by layer 3, I3, is given by
oo == [ [ @naray= 2302 (s
The problem is closed by demanding that
lor =111, (68)
Ix3 = Ip3. (69)

It may be helpful to note that Ipy, Ir1, Ix3, 1p3, K172
and M, ; are all positive whilst L (¢,) and L(¢3) are both
negative.

c. Solution for Mp,

Using (67) and (42) one sees that

271231> L(¢3)

Ios = —gnip, (1 — 70
03 8212, ( + 3 20 (70)
In order to obtain results in a compact, non-dimensional,
form it is useful to introduce a non-dimensional layer
depth

g, = Mg, /H. (71)

Combining (63), (69) and (70), after some re-arrangement
and simplification one obtains

R 21) ) Aycot
o (1252 igrang - 252
(72)

where
2y

I=—7->
pog2H
is a suitable non-dimensional form for the forcing.

Trange (xE - xW) s (73)



It is shown in the appendix that this cubic polynomial
in flzp, has at most one solution in the acceptable range
0 < —f2p, < 1 and that there are solutions with —fjp, >0

if
3
(1 _ Ayco“”) > 31 (74)

R
The appendix also provides an explicit expression for the
solution when (74) holds. Using similar parameter val-
ues to before (xg —xw =2 x 10’'m, gr=4x 10 3ms 2
for the interface between water of 4°C and —2°C , pg =
103kgm’3, Ay =R/6, and H =4 x 10°m) one finds that
IT~ 6 X ¥ X Trange and (74) reduces to the condition

3
t
<1—C°6‘ps) > 2% ¥ X Trange (75)

where Tanee 18 expressed in Nm~2. The maximum value
of the rhs is about 0.3 and the lhs is greater than 1 so (74)
is met for realistic parameter values.

Table 3 presents the solutions, fj2p,, of (72) for a range
of values of Il and @3 obtained using ¢s = 55°S and
Ay = R/6. For the range of values of ¢3 tabulated, when
IT > 0.16 there are no solutions with flzp, < 1, i.e. when
IT > 0.16 the depth of the second interface at the east-
ern edge of region Ry, —1)2p,, is greater than the assumed
ocean depth of 4000m. Although —1p, increases with @3
(the most southerly latitude in the NH at which water in
the third layer is first formed) this dependence is relatively
weak; 72p, depends more on IT which is proportional
to the strength of the Ekman upwelling integrated across
the basin. Table 3 also presents evaluations of (67) for
Ip3, the MOC volume transport in the lowest layer, using
g =4x103ms 2 and Q =7 x 1075571, Ip3 is clearly
strongly dependent on IT which, using our standard pa-
rameters, is about 0.045 if y = 0.5 and 0.09 if y = 1.0. As
already discussed the large amplitude of the seasonal cycle
makes it difficult to judge what value is most appropriate
for ¢3. Using @3 = 70°N as previously proposed Ip3 lies
between about 2.5Sv and 4.3Sv. Using ¥ = 0.9 one obtains
Ip3 = 4.1Sv and flop, = —0.75 (i.e. M2, = —3000m). In
contrast to M2p,, {p3 depends strongly on both ¢3 and II.
Ip3 varies by about a factor of 30 (from 0.41 to 12) over
the range of parameters covered in the table.

The principal relationship obtained in section 5, (56),
re-written for 12, rather than 7;g in the non-dimensional
form used in this sub-section, is

Aycotos |

= 1. (76)

M35, |L(93)sings —

Table 4 presents values of fjpp, calculated using (76) to-
gether with Ip3 calculated using these values in (70). Com-
paring these values with those in table 3 one sees that the
solutions for 7)o, and Ip3 in table 4 are smaller than those
in table 3 but that for the smaller values of IT and the larger
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TABLE 3. fpp, and Ip3 (Sv) calculated using (72) and (70) respec-
tively as functions of ¢z and IT as defined by (73). Values for which
there are no acceptable solutions are denoted ns”

—fop, | 60°N  65°N  T0°N  75°N  80°N
0.02 0.30 0.33 0.36 0.38 0.40
0.04 0.44 0.48 0.51 0.54 0.57
0.06 0.55 0.60 0.64 0.67 0.69
0.08 0.65 0.70 0.75 0.78 0.81
0.10 0.74 0.80 0.85 0.88 0.91
0.12 0.83 0.89 0.94 0.97 1.00
0.14 0.92 0.98 ns ns ns
Ios 60°N 65°N 70°N 75°N 80°N
0.02 2.6 2.0 1.4 0.87 0.41
0.04 4.8 3.7 2.5 1.5 0.70
0.06 6.8 5.1 34 2.0 0.92
0.08 8.5 6.2 4.1 24 1.0
0.10 9.9 7.1 4.6 2.6 1.1
0.12 11. 7.6 4.8 2.7 1.2
0.14 12. 7.9 ns ns ns

TABLE 4. fjzp, and Ips calculated using (76) and (70) for the same
values of ¢3 and IT as in table 3

—s, 60°N 65°N 70°N 75°N 80°N
0.02 0.29 0.32 0.34 0.37 0.39
0.04 0.41 0.45 0.49 0.52 0.56
0.06 0.49 0.55 0.59 0.64 0.68
0.08 0.57 0.63 0.69 0.74 0.79
0.10 0.64 0.70 0.77 0.83 0.88
0.12 0.70 0.77 0.84 0.91 0.96
0.14 0.76 0.83 0.91 0.98 ns
Io3 60°N 65°N 70°N 75°N 80°N
0.02 2.4 1.9 1.3 0.83 0.40
0.04 4.2 33 2.3 14 0.69
0.06 5.8 4.5 3.1 1.9 0.89
0.08 72 5.4 3.8 22 1.0
0.10 8.3 6.2 42 2.5 1.1
0.12 9.3 6.8 4.6 2.6 1.2
0.14 10. 7.3 4.8 2.7 ns

values of @3 they agree particularly well and the general
agreement is quite good. Whilst this provides support for
the approximation made in deriving (55) it should be noted
that the agreement in the values of /p3 is much better than
that obtained if the second term in brackets in (70) is ne-
glected (as it was in the derivation of (55)). Neglect of that
term results in a gross over-estimate of /p3.

d. Solution for hig

Having obtained a solution for 123,, (65) and (66) can
be used within (68) to determine 41 = —1g. Simplifying
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the result as before one obtains

. cot
Ki 2L (¢2)sin s — T(psglsz&Ay

o
=2 ]’}/Trange (xE *xW) .
Po

(77

Substituting the definition of Kj », (30), into this expres-
sion introduces terms involving ¥ which is defined by
(28b). Using (26) and (34a) in (28) one finds that

sin ‘0]5 = gflL’lE .
\ g2 M2,

Eliminating n1g from (77) in favour of ¥ and using (30),
(77) can be re-arranged into the form

L() Sl;:ps <sin2 Vg — \/i?(ﬁE - % sin2t9E)>

(78)

Aycot@s . , II (79
——————sin“Yg = —
R MB,

The maximum permissible value of ¥, ¥g,,,, is ob-
tained when 11 = 1. Using (34a) and (78) one sees
that

sin® O, = 81 ,
81+8 %0
2
NiEmax _ 82 ) (80)
n2231 g1+8&2

It is shown in the appendix that the lhs of (79) is mono-
tonic for the values of ¥ in the permissible range. This
establishes that there is at most one solution for ¥ and
makes it easy to check whether there is one.

Table 5 presents the solutions of (79) for n1£/12p, ob-
tained using three values of 1), and a range values of ¢
and 8. The values have been calculated using the same
values of @s, Ay/R, g1 and g as used before and @3 = 70°.
No solutions are shown when 71z /125, is greater than
the maximum value given by (80b) which in this case is
1/v/3 = 0.588. Clearly ny£/n25, is relatively insensitive
to f)op, and varies significantly with ¢, and &;. The lack
of sensitivity to fjo5, can be partly explained by using (72)
to re-express the rhs of (79) in a form that is relatively
insensitive to fpp, .

Finally Table 6 presents evaluations of /;; for a range of
values of ITand ; and three values of ¢, again using @3 =
70°N. The range of values for 11, the volume transport
by the MOC in layer 1, in the parameter range covered
by the table is very wide; the values range by more than
two orders of magnitude from 0.14Sv to 20Sv. Using the
value previously proposed for ¢, namely ¢, = 60°N, I1=
0.8 and fjpp, = —0.75 as in the main calculation of the
previous sub-section, and taking 6; = 0.5 one sees from
table 6 that I;; ~ 7.0Sv and from table 5 that ;g /125, ~
0.55. Using 1o, = —3000m this gives hg ~ 1650m.

TABLE 5. 11 /M2, calculated using (79) as a function of ¢, and J; for
three values of —fj2p,: (a) 0.1, (b) 0.5 and (c) 0.9

(a) 50°N 60°N 70°N
0.1 0.19 0.27 0.42
0.3 0.33 0.46 ns
0.5 0.43 ns ns
0.7 0.50 ns ns
0.9 0.57 ns ns
(b) 50°N 60°N 70°N
0.1 0.18 0.26 0.39
0.3 0.32 0.44 ns
0.5 0.40 0.55 ns
0.7 0.47 ns ns
0.9 0.53 ns ns

(c) 50°N 60°N 70°N
0.1 0.17 0.24 0.37
0.3 0.30 0.41 ns
0.5 0.38 0.51 ns
0.7 0.44 ns ns
0.9 0.49 ns ns

In conclusion the solutions for the 3-layer model appear
to be quite consistent with those for the 2-layer model.
The total MOC transport obtained using the “standard”
parameters for the 3-layer model of 7.0 +4.1 = 11Sv is
reasonably consistent with that of 8.6Sv obtained for the
2-layer model and the dependence of the transports in the
two models on the integral of the Ekman pumping across
the basin (through IT) and the most southerly latitudes of
cold water formation in the NH (¢, or ¢3) are also quite
consistent.

TABLE 6. Evaluations of I; (Sv) as a function of values of IT be-
tween 0.2 and 1.0 and of §; between 0.1 and 0.9 for three values of ¢;:
(a) 50°N, (b) 60°N, (c) 70°N

(a) 0.2 04 0.6 0.8 1.0
0.1 0.17 0.66 14 24 3.6
0.3 0.46 1.8 3.8 6.4 9.6
0.5 0.67 2.6 5.6 9.5 14.
0.7 0.82 32 6.9 12. 18.
0.9 0.90 35 7.7 13. 20.
(b) 0.2 04 0.6 0.8 1.0
0.1 0.16 0.62 1.3 2.3 34
0.3 0.38 1.5 3.2 54 8.1
0.5 ns 1.8 4.0 7.0 11.
0.7 ns ns ns ns 11.
(©) 0.1 0.3 0.5 0.7 0.9
0.1 0.14 0.53 1.1 1.9 2.9
0.3 ns ns ns ns 4.8




9. Discussion of other configurations

a. MOCs with and without an Antarctic Circumpolar
Channel

Since Cox (1989), discussions of the impact of the
Southern Ocean on the MOC have studied the combined
impact of an open circumpolar channel and strong west-
erly winds. This sub-section discusses the MOCs that
would be obtained when the winds are present in the ab-
sence of a circumpolar channel (i.e. if the Drake passage
were closed). This is of interest both because paleo evi-
dence shows that the continents have moved considerably
and suggest that the channel has been closed in the past
(Hill et al 2013) and because it suggests a slightly differ-
ent interpretation of the role of the channel in the present
day MOC. The eastern boundary of the Pacific in that case
would run from high northern latitudes to high southern
latitudes. One would then expect the convective mixing
discussed in section 3 to take place in the SH as well as
the NH. This means that the Ekman upwelling in the SH
would need to return this volume flux from both hemi-
spheres. If one assumes that the convective flux would
be the same in the two hemispheres one would calculate
the resulting circulations in the 2-layer model by setting
the upwelling flux, Ip as given by (51), equal to twice
I, as given by (54). The interface depths on the eastern
boundary would then be shallower than in the solution
with Ip = I1,, so the total volume transfer to the upper layer
in the upwelling region would increase but the return vol-
ume flux in the NH would decrease. This calculation high-
lights the role of the circumpolar channel in disconnecting
the waters in high southern latitudes from the MOC and
the role of the eastern boundary condition in generating
the MOCs through maintaining isopycnal depths that are
independent of latitude.

Enderton and Marshall (2009) and Ferreira et al (2010)
have presented results for a number of configurations
of aqua-planet coupled climate models with meridional
ridges extending from the North pole either to the South
pole or to 35°S or 40°S. The surface temperature fields
in the full ridge experiments have east-west variations,
shown in figure 9 of Enderton and Marshall (2009), that
are consistent with the solutions presented in Bell (2015b).
It would be interesting to do a more detailed assessment of
these simulations using the ideas and solutions presented
in this paper.

b. Discussion of a simple two-basin world ocean

Johnson et al (2007) have extended the G99 model to
include a representation of net evaporation at low latitudes
and precipitation at high latitudes and it is natural to ask
whether the present analysis could provide any insight into
why the cross-equatorial MOC is so much stronger in the
Atlantic than the Pacific Ocean.
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The sea surface salinity in the North Pacific is about 2
psu less than that in the North Atlantic (Huang 2010, fig
11.5) and the North Pacific has a strong halocline, which
is not present in the North Atlantic, with surface salini-
ties more than 1 psu lower than in the water below. Of
course it is possible that these differences are a conse-
quence rather than the cause of the reduced MOC in the
Pacific but the paragraphs below argue that these salin-
ity differences would reduce the magnitude of convective
mixing and hence weaken the MOC in the Pacific, as en-
visaged in the experiment described in section 6 of Great-
batch and Lu (2003).

For simplicity the following argument considers only
the salinity differences arising in the halocline. More
specifically suppose that the depths of the isopycnals at the
eastern boundaries in the Pacific and the Atlantic are the
same and that the salinities in the upper layer in the North
Pacific are AS psu lower than those in the Atlantic whilst
the salinities of all lower layers are the same as those in
the Atlantic surface layer.

The parametrisation of the convective overturning in (8)
needs to be adjusted so that overturning does not occur
until the water in the surface layer at the atmospheric sur-
face temperature is denser than the water in the layer be-
low. The reduction in surface temperature AT°C required
to compensate for the increase in density due to a salinity
increase of AS psu across the halocline is given by

porAT = osAS. (81)
Using a thermal expansion coefficient poar =
O.l35kgm’3K’1 appropriate for cooling water from
10°C to 4°C and og = 0.8kgm psu~! gives AT = 6AS.

The atmospheric surface temperature at which the up-
per layer would become convectively unstable in the North
Pacific would then be 6AS°C lower than that in the North
Atlantic. This implies that the latitude at which convec-
tive mixing of the surface layer with the layer below would
commence would be much further north in the Pacific than
the Atlantic. Table 1 shows that the total water mass trans-
formed between layers by convective mixing depends very
strongly on the latitude at which it commences; the trans-
formation is reduced by a factor of 10 if the latitude is
changed from 60°N to 80°N. So the observed salinity dif-
ference could weaken the MOC in the Pacific substan-
tively.

Two additional factors could reduce the water mass
transformations in the “real world” Pacific. First it does
not extend much beyond 60°N. Second it is wide com-
pared with the Atlantic so the upward displacement of the
isopycnals by the winds in the sub-tropical gyre is likely
to be greater in the Pacific than the Atlantic. At latitudes
where the convective mixing is on the western side of the
basin this would reduce the amount of water in the upper
layer that could be transformed into lower layer waters.
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The above arguments assume that the depths of the
isopycnals on the eastern boundaries of the Pacific and At-
lantic are the same. In general this will not be the case
but the following argument shows that it is true to a good
approximation for the simple case of a 2-layer ocean in
the world illustrated in Figure 1b which has two conti-
nents, one (“America”) being specified as before and one
(“Africa/Asia”) extending only to 30°S (which is the lati-
tude of the southern tip of Africa). The argument exploits
the facts that the zonal mean zonal wind is approximately
zero at 30°S and that the velocity along the coast in the
western boundary current is to a very good approximation
in geostrophic balance. Integrating the zonal component
of (3) for the upper layer across the entire “Pacific” basin
at 30°S, the above points imply that the total northward
transport (including that in the western boundary layer) by
the upper layer in the “Pacific” at 30°S is given by

/hlvldx /_nl (—gim +¢o)dx

’ 82
(77 112) 7718¢2dx (82)
f 1E — f 8)6

This northward transport is equal to the rate of volume lost
from the upper layer in the Pacific due to heat loss, I, as
given by (54) and (55). Taking |L(¢,)| < 0.15 in (55),
noting that f = —Q at 30°S and using (82) one obtains

8 Enden
817715
<0.15=——=.
<015 4Q

If the final term on the second line of (83) is negligi-
ble, (83) would imply that n?,, is within 10% of n?,. The
magnitude of this final term can be shown to be of order
(h/H) I, and hence negligible by considering the north-
ward transport across 30°S in the lower layer into the Pa-
cific. This must satisfy

E
—ILZ/ thzdx

(m-m)d¢ H
—/W S A,

(84)

where A¢, is representative of east-west differences in ¢,.
Using this scaling for ¢, in (83) confirms that the last term
on the lhs of (83) is of order (h;/H)Iy.

It is then reasonable to take the value of Ay in the Pa-
cific at 30°S to be equal to A in the Atlantic. The above
argument then implies that the depths of the isopycnals in
this simple 2-layer model for a 2-basin world would agree
to within 10%.

10. Comparison with previous work

Because of the importance and subtle nature of the
MOC the literature on it is very large. Radko and Ka-
menkovich (2011), Drijfhout et al (2013) and Schloesser
et al (2014) provide good overviews. The discussion be-
low focuses on a fairly small number of papers that are
particularly relevant either to this report or to Bell (2015b).

a. The role of Ekman upwelling in the Southern Ocean

Webb and Suginohara (2001) concluded that “a large
fraction of the water mass conversion, associated with
the upwelling branch of the thermohaline circulation, oc-
curs in the surface layers of the Southern Ocean”. This
statement was based on analyses of model simulations by
Do66s and Webb (1994), Toggweiler and Samuels (1995),
Toggweiler and Samuels (1998), Hasumi and Suginohara
(1999) and Tsujino and Suginohara (1999). The latter
study is of particular relevance to this paper and B15 be-
cause it describes simulations of an ocean basin straddling
the equator which is cooled at the surface in one hemi-
sphere and subject to Ekman upwelling in the other. The
authors note that "the Ekman upwelling sucks up a subsur-
face water to the surface layer to enhance heating through
the sea surface ..”. Klinger et al (2003, 2004) provide fur-
ther study of similar numerical experiments. All these ex-
periments use simplified Ocean General Circulation Mod-
els (OGCMs) and a channel which is only 60° longitude
wide whereas the study here is based on semi-analytical
methods and a “basin” which spans almost 360° of longi-
tude.

b. Simple models of the MOC with Ekman upwelling in a
Southern Ocean channel

Samelson (2009) implemented a single layer reduced-
gravity model in a configuration similar to that illustrated
in Figure 1 with a simple representation of the ACC that
he proposed in Samelson (1999). The wind stress in the
model was a maximum within the channel, rather than to
the north of the channel, and the depth of the warm water
layer was reduced to zero close to the northern edge of the
channel. A flux of water into the warm layer at the north-
ern boundary of the channel was specified as the difference
between the (northward) Ekman flux and the (southward)
eddy transport (as in G99). Diabatic forcing (e.g. high lat-
itude cooling) was represented by relaxing the depth of the
warm layer toward a value which was specified as a func-
tion of latitude and the circulations within the ocean basin
were closed by Stommel-like boundary layers. As noted in
Bell (2015b), Samelson drew attention to the critical role
of the nearly constant layer depth along the eastern bound-
ary in setting the thermocline structure to the north of the
channel.



The study of Radko and Kamenkovich (2011) is a nat-
ural analytical extension of Samelson (2009). It uses a
time-mean 2.5 layer model and employs different dynam-
ical balances in three regions corresponding to the ACC,
the interior of the ocean basins and the western bound-
ary currents. The air-sea density flux is a pre-specified
function of latitude. A purely zonal solution is sought
in the ACC assuming that the Ekman flux is completely
balanced by eddy transports (Johnson and Bryden 1989)
parametrised as a diffusive flux as in the Gent et al (1995)
scheme. This determines the depths of the isopycnals on
the eastern boundary in terms of the eddy diffusivity K and
the strength of the MOC. Solutions are calculated first tak-
ing the MOC strength to be pre-specified and later taking
it to be proportional to the depth of the upper layer on the
eastern boundary as in G99. The wind stress in the SH is
taken to be a maximum in the middle of the Drake pas-
sage channel and the gyre solutions are calculated using
the methods of Rhines and Young (1982).

Nikurashin and Vallis (2011) and Nikurashin and Val-
lis (2012) develop an attractive zonal-mean representation
of the MOC, again for a configuration similar to Figure 1,
using the Transformed Eulerian Mean (TEM) formulation
for the residual flow inside a flat bottom Drake passage
channel. The eddy momentum flux is again parametrised
following the ideas of Gent et al (1995) and the buoy-
ancy field is advected by the residual flow and subjected
to diapycnal diffusion. The isopycnals in the basin north
of the channel are taken to be independent of latitude (as
they would be close to an eastern boundary) up to the lat-
itude where they are affected by convective mixing. The
surface buoyancy field is prescribed as a function of lati-
tude and projected downward convectively in the basin to
the level of neutral buoyancy. The problem is closed by
no normal flow boundary conditions. The maximum of
the wind stress is taken to occur at the northern edge of
the channel. The mid-depth stratification of the solutions,
h, is found to scale according to the equation derived by
G99 and these scalings are reproduced in idealised GCM
experiments. The model is able to represent both upper
(NADW) and lower (AABW) MOC cells and gives a plau-
sible representation of the Ekman driven upwelling in the
SH, the buoyancy loss in the south of the channel and the
bouyancy gain in the north of the channel.

In summary in all of the above studies the wind stress
maximum in the SH is taken to lie at the northern edge of
the Drake passage (or southward of that) and the ACC is
represented by a purely zonal current. In the present work
the wind stress is taken to be a maximum to the north of
Drake passage and simple solutions are found by requir-
ing the wind stress to be zero within the latitudes of the
Drake passage which results in a zonal current within the
Drake passage channel and a sub-polar gyre to the north of
the channel. Neither of these two sets of assumptions and
their resulting currents provide accurate representations of
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the Southern Ocean, which could be considered to lie be-
tween the two extremes. In view of this it is interesting
to note that the G99 cubic polynomial for the strength of
the MOC is obtained for both sets of assumptions. The
representation of the surface heat fluxes in the models dis-
cussed in this subsection is also very limited; none of them
attempt to account for the longitudinal distribution of sur-
face fluxes described in Bell (2015b). The confinement of
the region of surface warming in the SH to the latitudes of
the channel in the above papers is also a limitation, though
perhaps not a crucial one.

¢. Representations of the ACC

For many years it seems that it was assumed that the
strength of the ACC is largely controlled by the local bal-
ance in the zonal component of momentum despite the
obvious point that by thermal wind balance the net trans-
port through the Drake passage is mainly dependent on
the depths of the isopycnals at its northern boundary (the
flow at the bottom can be taken to be small because it is
blocked when the bathymetry is realistic). Gnandesikan
and Hallberg (2000) and Fuckar and Vallis (2007) were
perhaps the first authors in recent years to suggest that re-
mote buoyancy forcing as well as the surface winds in the
Southern Ocean can have major impacts on the time-mean
ACC.

The last section of Stommel (1957) provides a tentative
discussion of the ACC which is relevant to the limitations
of the representation of the ACC in Bell (2015b). Stom-
mel notes that the minimum depths of the sills in the Drake
passage are only about 1000 m and that the ACC has a gen-
erally southward component throughout its entire length
except at the Drake passage and one or two other locations
where it is deflected sharply northward. He then discusses
first the barotropic circulation that would be obtained from
the Southern Ocean winds were there a barrier connect-
ing Antarctica to South America and second the flow that
would be obtained from a ruptured set of barriers which
still obstruct the flow at all latitudes. He notes that in the
first case the southern gyre transports about 100 Sv but
describes the flow through the passage in the second case
as “something of a mystery”. There is no reason to sup-
pose that the flow in the second case is given by the Sver-
drup transport because there is no single eastern boundary
which connects the solution together. The Sverdrup rela-
tion can be derived without using an eastern boundary but
the east-west Sverdrup transport depends on north-south
gradients and cannot be derived without specifying that
gradient at some longitude (e.g. using a boundary condi-
tion).

The Sverdrup balance for the time-mean flow is modi-
fied by mesoscale eddies even within basins because, de-
noting time-averages by an overbar and differences from
the time mean by primes, the Sverdrup balance applies to
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12 =k 4+ K. Even this modified form of the Sverdrup bal-
ance should not be expected to hold across the ACC where
it turns sharply north in the latitudes of the Drake passage.
But the modified form should hold between longitudes that
do not contain such a boundary layer current provided the
interaction with the bathymetry is sufficiently weak (a ma-
jor qualification!). Thus one might expect the presence
of an energetic eddy field or non-zero wind stresses and
Ekman upwelling within the latitudes of the Drake pas-
sage to modify but not to obliterate the Ekman upwelling
mechanism discussed in Bell (2015b). The investigations
of Hallberg and Gnanadesikan (2006) and Munday et al
(2013) appear to be consistent with this suggestion. It is
worth noting that Munday et al (2013) study a very differ-
ent set of configurations from the ones envisaged in this re-
port. Their world ocean is only 20° wide and their Ekman
upwelling is confined to the channel. Their main focus is
on the strength of the ACC and the MOC:s in their standard
experiments are relatively weak (of order 1-2 Sverdrup).

d. Other particularly relevant papers

Veronis (1978) describes a 2-layer model of the world
ocean driven by both surface wind stresses and heat fluxes.
The mathematical formulation is very similar to that of
Luyten and Stommel (1986) (as they acknowledge). For
example his equation (2.34) is essentially the same as the
characteristic equation (28) in Bell (2015b). (Veronis uses
Q in place of G). The argument in section 9b of this re-
port also uses arguments very similar to those of Veronis:
he derives a mass transport balance for the region north
of a given latitude in a closed basin (his equation (2.2))
and uses the fact that the flow along the coast in a western
boundary layer is geostrophic. He side-steps issues with
a Southern Ocean channel by using two “broken” barriers
in the Southern Ocean which together cover all latitudes
(Veronis 1973). The three main differences between his
analysis and that presented here are: (1) he pre-specifies
the depth of the isopycnals along the eastern boundaries
from observations just to the west of the eastern boundary;
(2) he uses the observed latitudes of separation of the west-
ern boundary current and infers a “minimal” set of surface
heat fluxes required for consistency with them rather than
specifying surface heat fluxes directly (3) he attempts to
represent the whole ocean circulation using two layers; it
is undesirable to do this when one is seeking to represent
the MOC because the heat flux budget within different lay-
ers is of primary importance (Walin 1982). Veronis also
has an interesting iterative approach to the calculation of
the solution of the characteristic equation.

Schloesser et al (2012) and Schloesser et al (2014) in-
vestigate the dynamics of the downwelling limb of the cir-
culation in the North Atlantic using both a general circula-
tion model and simplied analytical models. Their analysis
starts with the phases of the spin-up of the circulation from

rest, which was also the starting point for this study (Bell
2011). The downwelling circulation is driven by merid-
ionally varying surface temperatures and the circulation is
closed either by diapycnal upwelling or by flows at the
southern boundary. Their analytical results are obtained
for a 2-layer model with the temperature of the upper layer
set equal to the atmospheric surface temperature that en-
trains/detrains water into/from the lower layer in a manner
which differs in detail from but is somewhat similar to that
employed in this paper. Using a no normal flow eastern
boundary condition Schloesser et al (2012) derive an ex-
pression for the overturning transport in the down-welling
limb of the circulation which is somewhat similar to the
expressions derived in section 3.

The northern and western boundary layers in this report
are assumed to be entirely “passive”. Huang and Flierl
(1987), Salmon (1998), Pedlosky and Spall (2005) and
Spall and Pedlosky (2008) provide valuable discussions of
these boundary layers and some of their subtleties. Ped-
losky and Spall (2005) for example present a series of
analytical and numerical calculations for 2-layer models
on a f3-plane examining the structure of the western (and
eastern) boundary layers in models which diffuse the layer
depths. They find that the western boundary layer has
a double structure with vertical mass fluxes (water mass
transformations) in the thermal boundary layer equal and
opposite to those in the inner viscous boundary layer and
equal in magnitude to those in the interior of the basin.

11. Summary

The aim of this report is to use relatively simple solu-
tions for gyre-scale circulations in the NH and SH that are
driven by surface wind stresses and/or Haney-type heat
fluxes (specified by (8) - 10)) to derive quantitative esti-
mates of the strength of the main MOC in world oceans
such as those illustrated in Figure 1. This parametrisation
of the heat fluxes has a reasonable physical basis and is
significantly different from that used in the other simple
models of the MOC discussed in subsection 10b.

Section 3 derives analytical solutions for 2-, 3- and N-
layer models of the down-welling branch of the “North
Atlantic” that are driven in the NH solely by heat loss
to the atmosphere. Simple expressions for the area inte-
grated volume transfer between layers, defined by (16),
are obtained for two active layers ((31), in which the terms
are given by (30) and (33)), the lowest layer of a 3-layer
model ((41) and (42)) and the nth layer of a reduced grav-
ity model with more than n+ 1 layers ((47) and (48)). All
these formulae involve the product of a term which de-
pends only on the depths of the layer interfaces on the
eastern boundary and a second term which depends pri-
marily on the latitudes at which the atmospheric surface
temperature, Ty, first becomes equal to the temperatures
of the sub-surface layers. These formulae are valid for any



specification of Ty as a function of latitude and longitude
and determine the strength of the downwelling branch of
the MOC.

Section 4 summarises the conceptual picture (figure 4)
for sub-polar gyres driven by the Ekman upwelling of
the SH winds which was derived from numerical integra-
tions in a previous paper (Bell 2015b). The winds drive
cold water to the surface on the western side of the basin
and largely control the heat extracted from the atmosphere
there. Simple quantitative estimates of the rate of transfor-
mation of water in terms of northward Ekman transports
integrated across the basin and the depths of the isopyc-
nals on the eastern boundary for a 2-layer model are given
by (53).

Section 5 derives a simple 2-layer model of the MOC
by requiring the water lost from the upper layer in the
“North Atlantic” to be equal to the water transformed back
into the upper layer in the Ekman upwelling region of the
SH. This determines a linear relationship (56) between the
range of the Ekman transports in the SH and the square
of the interface depth on the eastern boundary. The latter
is approximately proportional to the strength of the MOC.
Section 6 compares this model of the MOC with that of
Gnanadesikan (1999) and shows that they are generally
consistent.

Section 7 recalls the relatively transparent energetics of
a layered model which make it clear that the circulation
draws its energy from the surface wind forcing. Section 8
presents a 3-layer model of the MOC and concludes that
its solutions are generally consistent with those of the 2-
layer model. Section 9 briefly discusses a world ocean
in which an eastern boundary extends from pole to pole
and suggests that convective mixing would occur at high
latitudes in both hemispheres. Consideration of that case
gives a different perspective on the roles of the South-
ern Ocean channel and the eastern boundary conditions
in shaping the MOC. Section 9 also discusses a 2-basin
ocean in which one of the basins has a strong halocline
like that in the Pacific. It is shown that according to the
model presented here a halocline of the observed strength
would greatly reduce the MOC in the basin containing it.

Most of the assumptions and simplifications made in
this paper were discussed in the final section of Bell
(2015b). Three simplifications are however worth high-
lighting, the first being that only steady state solutions
have been considered. More specifically seasonal vari-
ations have not been taken into account despite the fact
that the atmospheric forcing of the northern hemisphere
branch of the overturning will vary greatly with the season
and the total overturning cannot be estimated properly us-
ing annual average surface atmospheric temperatures. An
analysis similar in concept to that of Johnson and Marshall
(2002) is required to estimate the annual mean water mass
transformation rate. The second simplification is the ne-
glect of wind forcing for the downwelling branch of the
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circulation. Although this was partially justified through
a scaling argument, it was motivated at least in part by
the desire to obtain quantitative estimates whose scaling
properties could be readily understood. The third simpli-
fication is the restriction of the wind stresses to the north
of the channel in the SH. Clearly a better representation of
the ACC and its interaction with the wind-driven Ekman
upwelling circulation than that discussed here is highly de-
sirable.
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APPENDIX
Properties of the three-layer model of the MOC

This appendix establishes some properties of the 3-layer
model of the MOC introduced in section 8

In order to determine the number of relevant roots of the
cubic equation (72) it is convenient to re-write it using w
in place of —f)y, in the two alternative forms

F=w? (1—%w+a2)—a0:O,

(A1)
G=w'—byw?+by =0,

in which the constant coefficients ag, a, by and b, are all
positive. Because by > 0, the product of the three roots
of (A1b) is negative. (A1b) will have two positive roots if
G < 0 for any positive value of w. Differentiating (Ala)
one obtains

dF Jdw =2w* (1 +as —w). (A2)

At the turning point, w = 1+4a and F > 0 and G < 0 if

L1 4a)* > ap. (A3)

Expressing (A3) in terms of the original variables one ob-
tains (74). The turning point has w = —f)op, > 1 so clearly
only the smaller of the two positive roots can be a physical
solution.

Explicit solutions to (Alb) can be derived using stan-
dard formulae or, following a suggestion by A. A. White,
by dividing it through by bow> which gives

by'w3G=w? —bylbow ! + by =0. (A4)

This reduced cubic equation in w™! can be solved directly
using Cardano’s method. Its solutions can be written in
terms of the roots of

§$ = (2b0)71 + \/B7

A5
D= (2by) > —b3 (3by) . (A
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The condition for D < 0 obtained using (A5b) may be
shown to be equivalent to (A3) by re-expressing the co-
efficients by and b, in terms of ap and a, using (Al).
Let 51 be a root of (A5a) whose real part is negative (i.e.
Re(s1) < 0). Then the solution of interest, wy, which is the
smaller of the positive roots of w, is given by

wi 'l = —Re(s1) +V3|Im(s1)|. (A6)

In order to establish that the lhs of (79) increases mono-
tonically with ¥g over its permissible range of values
(0 < 9 < Ug,,,) it suffices to show that

H=sin? 0 — 52 (9 — Lsin20g). (A7)
81

increases monotonically with ¥g. Differentiating (A7)

one sees that

dH/d O = 2sin Vg cos Vg — i—z(l —c0s29)
V &1

= 2sin Vg (COS?&E — 4 /gzsinﬁg) .
81

From (80a) one sees that cot? O, = 82/81. So
dH/dvg > 0 for 0 < ¥ < O, and dH/dg = 0 for
U = O,,,. Hence the lhs of (79) increases monotoni-
cally with ¥ within its permissible range of values.

(A8)
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