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Overview
The aim of these five lectures is to describe the application of simple

models to the dynamics of the tropical oceans and atmosphere.

The major E1 Nino event in 1982-83 is a recent example of substantial

ocean-atmosphere interaction, when large departures from climatology
occurred. Some of these are shown in Fig. n G = adapted from Gill &
Rasmusson {1983 . (Further details are given in lecture 5.) Fig. 108

shows a large negative anomaly in outgoing longwave radiation (OLR) moving
eastward across the tropical Pacific. This 18 associated with deep
convection and precipitation, and represents a heat source for the
atmosphere through latent heating. This pattern is related to underlying
anomalousgly warm sea surface temperature. In lecture 4 a model is used to
explain how the atmosphere reacte to such a heat source.

Fig. 1.1b similarly shows a westerly low-level wind anomaly, and
lecture 3 1includes the response of an ocean model to such changes in
surface wind stress.

The anomalies shown occur together: evidently the atmosphere drives the

ocean while the ocean drives the atmosphere. The precise nature of this
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strong coupling is not yet well understood: in lecture 5 some simple
mechanisms are investigated. (Work on much more complex coupled general
circulation models to simulate, and hopefully predict, E1 Nino events is

in progress within Met. O. 20.)

Equatorial waves are essential to an understanding of the dynamics, and
the properties of such waves and the effects of boundaries are described
in lecture 2.

The simple models to be described are based on the linear shallow water
equations, and they have been particularly useful for tropical regions
where the propagation speed of equatorially-trapped waves is relatively
fast. (Linear theory 1is better for larger wave-speed/particle-speed
ratioc.) Although 1linear models usually only qualitatively represent
observea behaviour, a linear shallow-water ocean model has Dbeen
surprisingly good at reproducing the observed interannual variability in
equatorial Pacific sea level when driven by the observed wind stress
(Busalacchi & O'Brien 1980, 1981 and Busalacchi at. al. 1983).

The shallow-water equations are reviewed in 1lecture 1, with an
introduction to Kelvin waves.

Throughout this lecture series reference will often be made to papers
by Adrian Gill (especially to his book on Ocean-Atmosphere Dynamics), who
made an enormous contribution to this field by explaining apparently

complex phenomena with simple models.
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Lecture 1: The shallow-water equations

In this 1lecture 1linear shallow-water equations (SWE) are reviewed in
the context of a shallow sea, then used to introduce the coastally-trapped
Kelvin wave. The SWE are then related to vertical normal modes, for
continuous and discrete stratification.

A frame of reference with constant rotation rate (f-plane) is assumed
for this lecture.

1.1 Homogeneous shallow sea

Consider a homogeneous ocean with constant depth H at rest, density/p s
and surface displacement 7 ~ as 1illustrated in Fig. 1.2 . We restrict
attention to motion with a horizontal scale much greater than H, so the

hydrostatic balance

F} = -—/03 (1.3)

is assumed. Then the horizontal pressure gradient is independent of depth

and is related to the surface displacement by

NP = P9 Vz; 7 (1.2)

where ( l"’ 2—- )

\V/

\i

Consequently the horizontal flow u = (u,v) driven by this pressure
gradient is also depth-independent.

The total depth of water is

h = H + ?7 (1.3)
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and mass conservation requires

h +\.(hu) = 0

&

For small disturbances with 7 << H the approximate linear form that we

will use is

The linear form of the momentum equations on an f-plane is
i
W - s N e
€ 53 v /0 P” .ﬁ 7Jc )

Ve o Bl z-/\é—-fj ------37J .

Equations (1.5) constitute the linear shallow-water equations.

These equations have plane-wave solutions of the form
exp { 1(kx+ly-wt) }
On substitution, the dispersion relation for Poincare waves is
L i) e

where
%
¢ = (gH)

-10 u-
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(1.5a)

(1.5b)

(1.5¢)

(1.6)

obtained:

Cri7)

(1.8)
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v )

is the speed of gravity waves in the absence of rotation (i.e. when foxo).

Egq. (1.8) can be rewritten as

LU Rl VN 8 L SR e B

(1.9)
where
a = c/f° (1.10)
is the Rossby radius of deformation. Beacuse 2w a is8 the distance a

gravity wave would travel in a rotation periocd, this is the scale on which
rotation effects become significant. For length scales << a, waves are
little affected by rotation, but for length scales >> a rotation dominates
and w ~ 5, = Gravity has no effect on these long waves, which are known
as inertial waves. The group velocity c, of such waves is nearly zero

I

(compared with ¢, = ¢ for the short gravity waves), so such waves do not

9

transmit information away from their source region.

1.2 The response to uniform wind stress

Suppose the ocean is at rest, and a spatially uniform surface wind
stress F>0 is switched on at time t=0. The depth averaged effect is as
though the wind were a uniform body force throughout the depth H (Ekman
spiral details are not relevant here), and with no horizontal pressure

gradient the momentum equations are

gk
e ~ F, v = g ) (1.118)
Vs #4200 ; (1.11b)
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The subsequent motion consists of a steady current (Ekman drift) to the

right of the wind (northern hemisphere) given by

£
St SR
= - (1.12
Ve P H ¥ N |
plus an inertial oscillation. (With no pressure gradient there are no '
gravity waves.) With u=0 at t=0 we find l
u = -v_ sgin(f_¢t (1.13a
. =in(gt) . 3a) I
v.a N [ 1.~ coslf T) ) = (1.13b) .

The path of a particle starting at (xo.yo) at t=0 is

Ve
e e cos(fot) (1.14a)
-]
Ve
Yy sy + v t - ===igin(f t) ¢1.140)
-] = fo

taking the cycloidal shape shown in Fig. 1.3 . (See also Gill book, Fig.
9 2.)

1.3 The effect of a ccocastline

Suppose there is a coast, represented by a vertical wall, along y=0 as

in Fig. 1548 and there is a longshore wind stress F as before. The coast

now blocks the Ekman drift Vg 8° water tends to pile up at the coast and

an offshore pressure gradient develops. Neglecting transient effects
associated with initial conditions, the response 18 a steady onshore

current decaying to zero at the coast:
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v=v_ [ 1 - exp{-y/a} ]

rising sea level near the coast:

F

exp{-y/a}l t

7=/°° 7

and an increasing geostrophic longshore current:

u = "7)1 7L = =V exp{-y/a} £t
The important
a region which has the Rossby radius as a width scale.

Example:

A shallow sea of depth 50m at 50 N has

wind stress Foui2 N

the coast.

-1-7-

(1.15a)

(1.15b)

(1.15¢)

feature here is that the effect of the coast is confined to

a = 230 Km. A longshore

m-2 would cause a sea level rise of 1m in 3 hours at

1.4 The coastal Kelvin wave
One effect limiting the amplitude of the above response is the finite
space and time scale of the wind. To simplify the algebra 1in this case,
suppose the longshore scale of the wind is L >> a, as 1is usually the
case. Then the 1longshore current 1is in geostrophic balance, the onshore
wind component can be neglected, and wind far from the c¢oast can be
neglected. Then the SWE set reduces to
Flx ¢)
a,e_ - f.v = =9 A = ; (1.16a)



Jouw s =g 7 4 y (1.16b) I

e

B, + HY w =2 O : (1.16¢)
This leads to
v==uv [1-exp(-v/a} ] €1.47)
(as before), and

17 /JH = u/c = A(x,t) exp{-y/a} (1.18)

where the amplitude A at the coast is governed by

i1l

(1.19)

A, %+ ¢ A, =

L

C -

/D

(Note that u << ¢ when % << H .) This is the equation for a forced wave
travelling with speed ¢ in the +x direction. That is, the coast is on the
right (northern hemisphere) when looking in the direction of propagation
of this wave.

Example: consider

—

T [ %5 b i, -
?

A

kior sth bt )E) o ¢t
F(x,t) = F (1.20)
(o) otherw se

Ld

(Fo is the average wind stress for O<t<‘t s L=c U 18 chosen for
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convenience.) Then for 0 < x/L é 37

A T 3 o
l cog e f] b R R
Cr (8 -%)] - coc(mtrr] “og s e
o L ] 6 c ‘L T G ns 3
A= A (1.21a)
i 1 e
g cqe | w (ot - 2 &% e
o I+ X & &
7
Fo
z -
where Am ZFHC« s and-for 1 .< X/L 2
( O O 2 t./..'t é )"/‘_ —I
T t
A=A < [ +c.var(/~c-"‘/,_)] ’{—;e%é‘{—a-l (1.21b)
13
& 0 x{"' = /T;

The response A can be seen more clearly in the time-longshore map in Fig.
1.5a. After time t/T = 1 there is no forcing and the response is a free
wave travelling along the coast at speed ¢, trapped near the coast. This
is a coastal Kelvin wave. The spatial structure (1.18) is shown in Fig.

1.5b for time t/T = 2 : remember that L>>a.
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Features of the free Kelvin wave:

e it is a solution of the full SWE set (1.5)

® v = 0, so flow is alongshore only
o f,u = —2'73 . longshore geostrophy
’ group velocity ?9 = ¢ , 80 the wave is non-dispersive and will

travel along the coast without change of shape
» the wave propagates at the gravity wave speed, so it allows
rapid transmission of information alongshore away from
the source
& coastally trapped, with decay scale a offshore

& unidirectional propagation with the coast on the right

(northern hemisphere; vice-versa for southern hemisphere)

In a section parallel to the coast, this Kelvin wave looks like a
non-rotating gravity wave travelling in the +x direction. Why not in the
-x direction? This would require u and ;7 to have opposite signs, and
longshore geostrophy would require lv’ increasing offshore without bound.
So what happens in a channel? See Gill book, chapter 10.

The coastal Kelvin wave is clearly an important component in storm
surge prediction: it 1is essential to know when and where a (perhaps
remotely) forced surge may coincide with a high tide, for example. 1In
practice, a quantitative model needs to take into account other factors
such as coastline shape, dissipation, and nonlinearity.

1.5 Kelvin wavesin the atmosphere

'Coastal' Kelvin waves also occur in the atmosphere, being trapped
against high ground rather than coastlines. Fig. 1.6 from Gill (1977)
shows a region of low surface pressure following a high escarpment around

southern Africa (keeping the high ground on the left, for this is in the

-1.10~
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southern hemisphere). In his paper, Gill describes a simple model of this
event, similar to the simple model above.

The waves can be highs as well as lows: Fig. 1.7a shows high ground in
south-eastern Australia, and in Fig. 1.7b a ridge can be seen forming and
moving northward (again with the high ground on the left). Further details

can be geen in Holland & Leslie (1986).

-10 11~




1.6 Stratification

The preceding atmospheric observations were in a stratified medium,
rather than the homogeneous shallow sea described earlier. The SWE can
easily be applied to stratified flow, however, by separating out the
vertical structure.

Fig. 1.8a 1is &a sketch of a typical vertical profile of density in the
deep ocean: a mixed layer of nearly uniform density overlying a
thermocline region of rapidly changing density overlying a deep region of
slowly increasing density.

(a) Discrete stratification and the 'shallow-water ocean'

In ocean modelling it is common to represent the vertical density
structure by two or more layers of constant density, such as in Fig. 1.8b.
The flow calculated in each layer then represents a vertical average of
the corresponding flow in the continuous case.

The linear continuity equation in layer j of depth hS is

LB? + HS v.ﬁj = (0] (1:22)

where, for a two layer example,
l—., = H‘ + ;7‘ - )71_ (1.23a)
l,,'- - Hz 4+ ;71— (1.23b)

(We shall assume flat bottom topography.) Using the hydrostatic balance

(1.1) the linear momentum equations can be written
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- - (1.24a)
S o o ¢ I
R e R e GV MV (1.24b)
where
/ /oz‘lo:
2 A AR
9 J Py (1.25)
/ -3
acts as a reduced gravity. For an ocean, g 1is typically 10 g, and
B, << Hz'

The equations f1.22) and (1.24) can be rewritten 1in terms of two

vertical modes (see Gill book): a barotropic mode with

E.z 3 (1.26a)
G Hl"‘ Hl
Ti 0. (1.26b)

and gravity wave speed

-~ 4
3 (H,+H,) ] (1.26¢)

(typically 200 m sec-1 for the major oceans); and a baroclinic mode with

Hiw o Heu .0 : (1.27a)
. e
o 3 H,+t Ha 7~ 5 (1.27b)
and gravity wave speed
L.
-<jf H‘,41 -
Lt (1.27¢)
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(typically 2 m sec~-1). The horizontal structure of each mode 1s governed
by the SWE.

For baroclinically dominated cases (such as the tropical oceans) a
further simplification is often made when B, << u, and . S8 e

assume the deep ocean 1is at rest (i.e. 21 = g ) and set the lower layer

pressure gradient to zero. From (1.24b) this requires (using H <<Hz)

\

8 9. A 3’ 7 ; (1.28)

Further, is neglected in (1.23a) and we obtain
= / (1.29a)
By s 3o ko i g L L' 2
L’,k + H, v‘g & o) (1.29b)

This is the SWE set again, with reduced gravity z' and depth H; giving a

gravity wave speed

C

V

X
(7 ‘ H, ) : (1.29¢)

The depth change 1is due to variations in the interface between the two
layers. The sea-level change 7. can be obtained as a diagnostic from
(1:.28).

The model governed by (1.29) is variously known as a 'reduced gravity'
or 'one-and-a-half layer' or 'shallow-water' ocean.

(b) Continuocus stratification

An alternative to prescribing discrete layers of fixed density is to

-10 1““




prescribe a stratification f)o(z) in the absence of motion and to
consider small perturbations.
Incompressibility is assumed (compresgsibility has negligible effect on

the atmospheric internal waves of interest):

U P T A S P = O 5 (1.30a)
From (1.1)

¢ (1.30b)

/
ol o 8.0
where pl and /o( are perturbations from the rest state. The linearised

dengity equation is

-5+ un ;—'—f——& =0 (1.30¢)
and the linearised momentum equations are
E_LL_ + 5,!:_;_ = ——/-};. OP’ : (1.304)
To separate out the vertical structure we put
w = (p(s) s L Y, E) (1.31a)
AL 17 (}) v (x, y £) (1.31b)

pron ps) g V) F (g0

&

d’(}) ':'.(", J,e) (1.314)
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where 4’and ¢7 are non-dimensional functions to be determined. Note that

A '

A
‘7 has the dimension of vertical displacement.

The hydrostatic equation requires

{

\

P (/°°V’)g» “; (1.32a)

With

He Ci?% (1.33a)

-e

and

oA p,
(/0.‘1")% S 0‘1‘; (P (1.33b)

the equations (1.30) reduce to

o

(€3

E (1.348)

(%>
"
)
(&)
4
~

"

A N
7&*”" (u-x+v)zo (1.34b)

i.e. to the SWE form (1.6) with effective depth He and gravity speed

y
c=(gHe) . The separation constant He (also referred to as equivalent

depth) can be found from (1.33), e.g. by solving the eigenvalue problem

2

N
_j;, (Pod?})} ¥ g He P =0 (1.35)

with suitable boundary conditions. Here

o L SR
/oo ﬂ(éf -

-1‘16-



(An infinite series of values for He is usually thus produced, each
associated with a different vertical structure ¢) i) Note that from

(1.33b) the density perturbation (1.32a) can also be written as

/O/ ol % CP ,; ; (1.32b)

For baroclinic modes in the ocean, suitable boundary conditions are
w = 0 (hence 4’- 0:) af the flat ocean floor and at a 'rigid-1id' surface.
However this requires ’s 0O at 2z=0 according to (1.32b), so the surface
density [and hence sea-surface temperature (SST) ] must remain fixed.

The sets of modes ¢> and v’ are orthogonal 1in some sense, and any
prescribed forcing can easily be projected onto these modes to obtain
equivalent forcing terms for the corresponding SWE. However, thermal
forcing thus expressed must vanish at the sea surface, so SST still cannot
change for each vertical mode.

1.7 Diffusion and dissipation

Some representation of diffusion and dissipation 1is needed if a
realistic 1long-time response to forcing is to be obtained. Termes with
linear horizontal operators, such as f&)k4-10’, . can easily be added
because the extra complexity is merely transferred in the same form to the
SWE. Vertical transfers are often more important though, and unfortunately
these are not easy to incorporate. The simplest representation 1is to use
linear damping terms (Rayleigh friction and Newtonian 'cooling') to damp
out perturbations, but these are not physically well-founded.

Terms like @Ju})} can be included, but a particular form of J(}) is
needed. For later reference (lecture 3) a form used by McCreary (1981) for

an ocean model is described below.

-1- 17-




As is common for ocean models, density is replaced by the constant{o’o

except where derivatives occur, so the continuous equations are

=g :I’o )5 Kl = = }Tl—‘ V'Dl 5 i) &5,)5 (1.36a)
: i ) : (1.36b)
2 e ety =

/ = / (1.36¢c)
nw_ ¢ VJ+W' = O (1.364)

Note the different vertical derivative forms in (1.36a,b) needed for

separation to work. The separation is almost ags before, with (1.31¢c)

slightly altered to -

N

r/ = fh. j (P (&) '7

(1.37)
and (1.33b) changes to
" ol p, d’ (1.38)
% Lo X3 .
The coefficients K(z) and J(}) must take the form
2 ¥
vV o= N = N,
A, / 4 K A, / (1.39)
where An and A-r are constants and
ol :
N Cir 9 L.
. 2 Lo K%y .

Thus K and are larger where stratification is weaker, which seems

physically reasonable. In particular, there can be no vertical gradients
L ]

in a well-mixed surface layer where No = 0. (However, this form is not

-1018—



reasonable in regions where internal wave breaking and absorbtion are
important mechanisms, so it should be regarded as primarily a mathematical
convenience which allows analytic progress.)

The SWE with this separation are

n N 4 A,\, A
o A, - —
ey + 5" E Rl 3 7 jHe g s (1.40a)
o A ~ A "
H ( & IR :
Ao K”“’J) gHe 7 > St

The dissipative and diffusive terms again take the form of Rayleigh
friction and Newtonian 'cooling' for each mode, but now higher-order modes
with smaller He are more strongly damped, which physically can be
attributed to their smaller vertical scale. This scale-selective damping
can be a qualitatively important feature --- see lecture 3.

The restriction to constant surface density remains. Rothstein (1984)
has developed an inverse technique to incorporate a heat flux boundary
condition, thus allowing sea-surface density perturbations to be

prescribed.

-1- 19-
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1.5a

1.5b

Monthly mean values along the Pacific equator in 1982-1983
(a) outgoing longwave radiation anomaly in Watts m-2

(b) westerly wind anomaly (5°8-5°N) in m sec-1

(from Gill & Rasmusson 1983)

Vertical section of a homogeneoug shallow sea

The path of a particle driven by a wind stress F>0 switched on
at time t=0. This path is the sguperposition of a steady Ekman
drift and an inertial oscillation.

Geometry of a shallow sea with a coast
(a) plan view
(b) vertical section looking alongshore

Longshore-time map of the amplitude A at the coast of
sea-level change N /7H and longshore current u/c in response
to a longshore wind stress imposed for 0 < t < T, g < % < L,
with L=¢T . Longshore sections for t/T = 0.5 and 1 are shown
on the right.

Plan view of the response n /JH = u/c at time t/T= 2,
which is8 a free coastal Kelvin wave. Note the different
longshore and offshore scales: L>>a.

Surface pressure maps for August 2-6 197? around southern
Africa. Land over 1000m high is shaded in the August 2 map.
(From Giil 1977)

(a) Land over 900m high in Australia, shown black.
(b) Mean sea-level isobars for November 10 and 11, 1982
(From Holland & Leslie 1986)

(a) A typical vertical density profile for a deep ocean
(b) Geometry of a two-layer model.
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Lecture 2 Equatorially trapped waves

The Somali Current is a major ocean current along the east equatorial
coast of Africa, with a peak northward transport of about 60 Sv ( 1
Sverdrup = 1OL m3 sec-1 ), mostly in the upper 200m. (This transport is
comparable to the Gulf Stream.) The remarkable feature of this current is
its seasonal variation: each year it switches from moderate southward flow
in northern winter to large northward flow in northern summer, as seen in
Fig. 2.1a. This change rapidly follows the onset of the southwest monsoon.
In the Indian Ocean there are low-level south-easterly trade winds year
round, but north of the equator there are north-easterlies in northern
winter (as 1in the Pacific and Atlantic sectors) which change to
south-westerlies in northern summer (see Fig. 2.1b).

Lighthill (1969) offered an explanation of this behaviour in terms of
equatorially trapped waves 'rapidly’' propagating westward from a region
in the Indian Ocean forced by this change from northeast to southwest
winds, modelled as a switch-on of a westerly wind anomaly. Lighthill used
vertical modes as described in lecture 1, with sophisticated mathematical
analysis to determine the evolution of each mode.

Since then there has been a flood of papers on equatorial dynamics.
Equatorial waves in the atmosphere were already known (e.g. Matsuno 1966),
but reflections from meridional boundaries make the oceans rather
different. (The tropical oceans are a paradise for theoreticians! In
addition, observations are sparse so dynamical processes are not well
understood and there is scope for a wide range of models.) A fraction of
the literature will be cited in these lectures: for more complete lists
and general reviews see Cane & Sarachik (1983), Knox & Anderson (1985),

McCreary (1985), and Gill's book.
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A The equatorial beta plane

The SWE in lecture 1 derived for an f-plane are equally valid if the
Coriolis parameter f=2ﬂ.sin<b is allowed to vary with latitude ¢. Such
variations make the equations more difficult to solve: for large-scale
motion at mid-latitudes it is common to 'freeze' £ and its derivative P =
df/fy at some central latitude ¢ . At low latitudes a similar procedure 1is

to freeze ﬁ: and allow f to vary linearly:

f=2n.¢ =(5y (2.1a)
where

p =22/R ¢2.1b)
and

y = R(f) (2.1¢)

is northward distance, R being the radius of the Earth. This approximation
ie best near the equator, but qualitatively it is reasonable to about =>
more than half the earth's surface.

A crucial feature is that £ changes sign across the equator at y=0. The
SWE can have solutions with u and 7 symmetric and v antisymmetric about
the eguator. For such solutions a wall could be placed at the egquator with
no effect, and as for the coastally trapped waves seen in lecture 1, this
'wall' allows equatorially trapped waves. (The analogy is very loose:
there are also trapped waves with the opposite symmetry.)

In lecture 1 we found the natural scale a-c/f° . Here we replace Q, by

an 'average' frequency-of-rotation zﬂ»a to define

a = c/zp a 5

2.2~

=
o
)



%
a = (c/2fs) (2.2)

which is kKnown as the equatorial Rossby radius. (The factor 2 is
convenient in calculations to follow.) This scale will turn out to be the

meridional trapping scale for equatorial waves. Typical values are

atmosphere ocean
barotropic 3000 Km 3000 Km
first baroclinic 1000 Km 200 Km

(Higher order vertical modes have smaller equatorial Rossby radii.)

The equatorial beta-plane is of marginal value for barotropic modes.
However, the dominant modes in the tropical ocean and atmosphere are
baroclinic, for which this approximation is very good.

=B Non-dimensiocnal egquatorial SWE

it is convenient at this stage to introduce some non-dimensional

variables. Horizontal distance i1is scaled by the equatorial Rossby radius,

(TR ABL S U 5 ) (2.3a)

horizontal velocity is scaled by the gravity wave speed,

(g ) s e (Gl ;iV:) (‘25 3b)

vertical displacement 1is scaled by the equivalent depth,

-2.3-



and time is scaled as

t o= (aicnesT

From (2.1) and (2.2), the Coriolis parameter can be written

where

{Asterisks are used to denote some non-dimensional quantities.)

The SWE become

[
i g vivee oo
gr = 7 x ?
v +éYU=-7*
T b ¢ ?
*
+ U + V = 0
7r X . £

(For the 'shallow-water' ocean it is useful to think of U

layer current and 7* as changes in upper layer depth.)

Eliminating U and 7‘ leads to an equation for V alone:

1A s

v +H_Y vV - (V =<V ) ca'V._ %0

o B B 3 il X% o X <
-2.4-

as

(2.3c)

(2.3d)

2. 0a)

(2.4b)

(2.5a)

(2.5b)

(2.5¢c)

upper

(2.6)



A % 2
The term i’ Y should be thought of as £ , and 4 as fS
2.3 Waves

To look for wavelike solutions put

V = F(Y) exp{ 1(kX-wT) } (2.7)
into (2.6). Then
4 e b__ S &
Fw»f(w—k—;_w—lf\r)f?:o < (2.8)

The meridional structure F can be expressed in terms of standard

mathematical functions: the parabolic cylinder functions
2
Dn(Y) = exp{-Y /4} . Hermite polynomial of order n (2.9)
which are solutions of
D sk by b w0 £z.10)

Ay

where n is an integer. These functions tend to zero as Y —> f o ,

Clearly F can be identified with Dn when
e ks Ak o o 8 (2. 41}

Thie is the eguatorial wave dispersion relation.

Solutions of (2.8) are wavelike for |Y|<Y, where

<
L}
g
|
=
~
|
o\

K/ (2.12)
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2
i . |
— Y = n + 4
o e e i )

and exponential for )Y[)YC . =¥e) these

waves

are

J

indeed equatorially

trapped. As n increases, Y increases and the waves are less confined, but

F = Dn becomes more wiggly (see below).

Having obtained V, the properties

> -

(d/dy + 7_Y) Dﬂ = n Dh-,
A

(d/daYy -2 Y) Dh = —Dh*,

can be used to obtain

V = D, (Y) 'l
U =1 (Y) exp{ i(kX-wT)}
7*=7:«n J
where
g thn : n Dh-!
Uh"'-' . lco= w+ k
* il D“fl n Dn-l
7h= z _6\)"< w-'-k

The first few functions D_ are

Bty 19 exp(-Y /U}

(v’-3v)

o
w
]

]

(2.13a)

(2.13b)

(2.14a2)

¢2.1Ub)

(2.15a)




and it is convenient to define D = 0. The recurrence relation is

0 R e = (n=1)"D (2:15b)

4
it cay s ltzey nl n:m (2.16)
m n

They are 1illustrated in Fig. 2.2 for n=0,2,16, each divided by (n§)4 to
: 4
ensure that each has the same square integral (2w) .
Analytic solutions of equatorial problems are often expressed in terms

of these functions: Boyd & Moore (1986) describe techniques for

efficiently evaluating such series.

2.4 The equatorial Kelvin wave

Before discugsing these waves further, we must add another one that is
not covered by the above analysis because it has V=0. For vanishing V the

SWE (2.5) reduce to

e g 2.17a)
p M 5 (2.17a
'%YU--—7" (2.170)
5 { 4
»
P - 2.17¢)
. il U, 0 . ( 7e

which has solutions of the form

=2 .=




SRR S exp{-¥ 7k} (2.18)

where G is an arbitrary function. The dispersion relation is

W =k (2.19)
el in-AR.11)1.

This is the counterpart of the coastal Kelvin wave found in lecture 1,
and 1% is likewise kKnown as the eqguatorial Kelvin wave. It has many
similar properties:

e propagates at the gravity wave speed

(non-dimensional speed is 1)

L[4 only propagates eastward
& non-dispersive
’ zonal flow in balance with the meridional pressure

gradient (longequator geostrophy)
This wave 1s very important because it can rapidly and efficiently
transmit information eastward along the equator. Examples of 1its spatial
pattern are given in Fig. 2.3 .
These Kelvin waves have been observed 1in the atmosphere and the ocean.

Typical scales for first baroclinic modes are

atmosphere ocean
c 50 3 m sec-—-1
a 1000 250 Km
c/a 0.25 1 day
-2.8-




Thus a Kelvin wave in the ocean will cross the Pacific in about 50 days.
By mid-oceanic standards this is like greased lightning --- the fastest
low-frequency wave with the same equivalent depth (a long baroclinic
Rossby wave) would take 10 years to travel westward across the Pacific
Ocean at 300 N! Fig. 2.kl shows evidence for such a wave: a surge in
transport was observed at widely separated locations with timing
appropriate to a Kelvin wave (Knox & Halpern 1982).

An atmospheric Kelvin wave would take about 8 days to follow the
equator around the world. (Puzzle: the 40-day oscillation 1looks 1like =a
first Kelvin wave! Why 40 days then? There are other processes to take
into account such as interaction with rainfall --- see lecture 3.)

2.5 The dispersion diagram

Real soclutions of (2.11) (i.e. propagating waves) are plotted in Fig.

2+D for n=-1 to 5. (We restrict attention to (o 30 without loss of

generality.) For n=-1 we have W= k , The Kelvin wave. For n=0
K = w - l/Z(A’ (2.20)
and thisg curve has k real for all fregquencies 5

When n>0 there are two branches, with

D

¢ ~s
(S TR i SR Y (2.21)
LGw

The branch with higher frequency has real solutions for

¥
w > wCr -'{'[ (n+1)z + n{ ] (2.22a)



For n=1 we find 6093= 7 s 5 For our typical ocean this corresponds to a
maximum period of about 5 days, and about 308 days for our typical

atmosphere.

The branch with lower frequency has real solutions for
&
w©wo S =‘{[ (n+1){ £anie (2.22b)

For n=1 ,CJFC & e so these waves have a minimum period of about 30 days
(ocean), or 8 days (atmosphere). This branch can be seen more clearly in
Elg.o22 6.

Both these branches have zero group velocity d w /dk for

¥ o= kO =l (223

solutions of (2.11) for n>0 have

real kK = kO (2.24a)

; I
KO [-1+16w (n+% - w’ )] (2.24b)

i

imaginary k

These correspond to spatially decaying waves, decaying westward for im k >
0, and eastward for im k < 0. As n increases the waves decay more rapidly.
These waves are important in wave reflection, as will be discussed below.
Away from the equator only waves that correspond to large n are found
(remember the critical latitude Y. ) so there is a substantial spectral
gap --- a range of frequency where little energy is observed. By contrast,

waves of all frequencies occur near the equator (Eriksen 1980).

210~



For future reference we note here a general property of symmetric waves

(e, =0 -and 7* symmetric about the equator). From (2.14) it can be shown

that

7" JU = & /k at Y=0 g (2.25)

2.0 Inertia-gravity waves

For the upper branch of the n>0 dispersion curves we have
{
CAD i ne T SRS S V) (2.26)

These are the equatorial equivalent of the inertia-gravity waves seen in

2
lecture 1. For long waves ( k<<1 , zonal wavelength >> a ) I s +-{

-

These waves can have eastward or westward phase and group velocity.

They have been observed in sea-level fluctuations in the Pacific, and
linear theory fits the observations very well (Wunsch & Gill 1976).
We will be more interested in low frequency phenomena, and will not

consider these waves further.

2.7 Planetary waves

For the lower branch of n>0 waves,

=4 k

ok e s (227)

&
i

This relation bears obvious similarities to that for mid-latitude
Planetary (Rossby) waves, which is probably more familiar, and indeed

these are equatorially trapped planetary waves. Basic properties are the

same as for the mid-latitude wavesg:

-2.11-




e westward phase speed only
' eastward group velocity for short waves K < KO

maximum eastward group velocity is

CD = 1 / 8(2n+1) (2.28a)
for
i A
k = -[3(n+3)] €2.28p)
»” westward group velocity for long waves KO-< K. <0

maximum westward group velocity as k—>0 is
c = =1 7/ {2n+1) (2299

> long waves are q9n—dispersive as k->0
The magnitude of the group velocity (the speed at which information is
transmitted) is an important feature. For n=1 c5 for a long wave is
one-third the gravity wave speed; far faster than its mid-latitude
counterpart. In our typical ocean a long planetary wave would take about

150 days to travel west across the equatorial Pacific.
This relatively large wave speed means that 1linear theories are very
useful: nonlinear effects tend to make quantitative rather than

‘

qualitative differences.

»
Because @ and k have opposgite sign for Rossby waves, U and 7 have
opposite sign at the equator from (2.25), in contrast to the Kelvin wave

*
for which u -07. In lecture 5 we see that this may have important

=21 8=




2.8 Structure of long Rossby waves

Win Gl (kx-w T)

Ve U G(kX-wT)

)7"= 7:‘ G(KX-@wT)

where G is an arbitrary function,

¥
% ) 2
He1) o nd A
K

v = U B Y D
n (anl) p A h
| A
U. ¢ wie—tmenes | ﬁK D
e @n+e)? ht
»* ¥ 1 n& A
7" ‘Zhr')" n+4,
where
A |
D =
h VL Ll
In this form
0o 0o
/ 2 ia
Uh dY = '7" day
-ge - g

Lo K mo=1 /o 2n+1)

and

I
~
=

+
=
St

+
~~
jo
+
[
N

-2.13~

implications for ocean-atmosphere coupling.

Long (k<<1l) Rossby waves are non-dispersive, with

and using (2.14) their structure can be expressed as

2309

(2.312)

(2.31b)

(2:310)

(2.32a)

(2.31e)

(2.31¢)

(2.32)



Thus U and 7* are O(1), while V is O(k) and hence much smaller. Fig. 2.7

shows U_’1 and 7:- for n=1 and 15, and also for the Kelvin wave: note that
%

vn is largest near the critical latitude Y 3 whereas U" is largest

C

near the equator. There 1s longequator geostrophy in this long wave limit:

v o 7‘ (2.30a)
n (o

Note that differentiation gives

*

=1

%
i A 2531
! i 7"YY oen Y=0 ( 34b)

so the variation of the Corioclis parameter still provides a geostrophic

constraint at the equator, even though ¢ vanishes there.

2.9 n=0: the Yanai wave

Also known as the mixed Rossby-gravity wave, this wave is unique to the
equatorial region. Like the Kelvin wave 1t always has eastward group
velocity. For k>>1 it behaves like a gravity wave with eastward phase
velocity, but for k<<-1 it behaves like a short Rossby wave with westward
phase velocity. The Yanai wave has U and 7" antisymmetric about the
equator, while V 18 symmetric and is associated with cross-equatorial
flow. Like the Kelvin wave, the Yanaili wave has been detected in both the
ocean and atmosphere.

2.10 Reflection from boundaries

All equatorial oceansg have eastern and western land boundaries, and the
different reflection properties at east and west coasts are very important

to equatorial ocean dynamics. Only 1low frequency waves are considered

-2.14-




here: similar procedures apply to high frequency waves however. (See Moore

& Philander 1978 for details.)

(a) west coast

As shown in Fig:. 2.9 a vertical wall oriented north-south will

X=0, so we require U=0 at all latitudes there. We

represent the coast at

consider one incident wave of frequency o and meridional mode N. This

wave must have westward group velocity, so it must be a long Rossby wave

with kO<k<0. Any reflected wave must have the same frequency and must have

eastward group velocity: from the dispersion diagram (2:6) 1t can be seen

that short Rossby waves (k<k0Q) with n ZN have these properties, along

with the Kelvin and Yanal waves.
Because these waves all have different meridional structure to the

incident wave, no one wave can counter the incident wave to satisfy the

boundary condition at X=0. Howevéf, a balance can always be achieved using

the waves mentioned above that have the same symmetry as the incident

wave. For example, an N=5 long Rossby wave reflects as n=5.3.1 short

Rossby waves plus a Kelvin wave. An N=4 long Rossby wave reflects as n=4,2

short Rossby waves plus a Yanal wave.

To be more specific, consider the N=1 incident wave which has structure

wsz

Be AV sea DalE : (2.35a)
T

The reflected waves are short Rossby with

i % b)
UHL = oC.[ DO + m‘:DL] 2.35
and Kelvin with
U - o€ D (2.35¢)
SR - © 4
"2.15_



(Here k: and k‘ are different wavenumbers for the incident and reflected

Rossby waves, and X, and <, are coefficients to be determined.)

Matching coefficients of the parabolic cylinder functions in the boundary

condition

a & 2.36

s U”a - U.“E 0 (2.36)
requires .

i e RN Lk, (2.37a)
and

L = e e TN < (2.37b)

-1

For example, for w<< 1 we have

k_ = SEBNSL Ve A h s

and

SO

General features of western boundary reflection are
' reflected pattern ig trapped to the same latitude range as
the incident wave, because n N
“ all wavenumbers are real, so all waves 1involved propagate
along the equator
. incident symmetric waves generate the fast Kelvin wave and
short Rossby waves which have much smaller group velocity

& incident antisymmetric waves generate the short Yanai and

-2.16-



Rogssby waves with small group velocity

(b) east coast

The incident wave must now have eastward group velocity (Kelvin, Yanai
or short Rossby) and reflected waves must have westward group velocity
(long Rossby). In contrast to the west coast, reflection now involves an
infinite series of waves with n3N. Only a finite number of these may be
propagating waves (see dispersion diagram); the rest decay westward as
given by (2.24). The wave amplitudes can be obtained by matching
coefficients as before. It can be shown that this infinite series adds up
to the same effect as a coastal Kelvin wave propagating poleward. (Note
that the coastal trapping scale ¢/f decreases poleward: the amplitude of
this wave correspondingly increases poleward to conserve energy.)

Features of east coast reflection:

» energy escapes poleward as a coastal Kelvin wave
» reflected Rossby waves have n> N, so they are not trapped

to within the same latitudes as the incident wave

Example: incident Kelvin wave

Up = Dy(Y)
“ o+ ‘(‘
=ol
e rrihe * p-Da]
l&a = etc.

Matching requires o,;= -1, go the reflected n=1 long Rossby wave will
cancel the incident wave at the coast. For W <<1l the reflected n=1 wave
will propagate westward ( at speed -1/3 ), progressively cancelling the
incident wave further from the coast and leaving a residual D, structure.

Fig. 2.10 from Anderson & Rowlands (1976a) illustrates the effect of an

-2.17~



ineident Kelvin wave of step-function zonal profile reaching an eastern

boundary. The events mentioned above can be clearly seen. —--- poleward

propagation of a coastal Kelvin wave and cancellation of the incident

wave. Also, turn the diagram upside-down to see a pure equatorial Kelvin

wave being generated at an eastern boundary by just the right combination

of a coastal Kelvin wave (travelling equatorward) plus incident long

Rossby waves!

2211 Somali Current again

This lecture began with a description of the Somali Current and its
relation to monsoonal winds. Lighthill's (1969) explanation involves the
generation of long Rossby waves by the wind that carry energy west to the
African coast. Further investigation has shown that local winds at that

coast also have an 1important effect (Anderson & Rowlands 1976b).

Nevertheless, remote effects are important, and in following lectures

further examples of the strong influence of equatorial waves will be

described.




References (lecture 2)

Anderson, D.L.T. & P.B. Rowlands (1976a)
The role of inertia-gravity and planetary waves in the response
of a tropical ocean to the incidence of an equatorial Kelvin
wave on a meridional boundary
J. Mar. Res., 34, 295-312

Anderson, D.L.T. & P.B. Rowlands (1976b)
The Somali Current resgsponse to the gouthwest monsoon: the
relative importance of local and remote forcing
J. Mar. Res., 34, 395-417

Boyd, J.P. & D.W. Moore (1986)
Summability methods for Hermite functions
Dyn. Atmos. Oceans, 10, 51-62

Cane, M.A. & E.S. Sarachik (1983)
Equatorial oceanography
Rev. Geophysics & Space Physics, 21, 1137-1148
Eriksen, C.C. (1980)
Evidence for a continuousg spectrum of equatorial waves in the
Indian Ocean
J. Geophys. Res., 85, 3285-3303

Knox, R.A. & D. Halpern (1982)
Long range Kelvin wave propagation of transport variations in
Pacific Ocean equatorial currents
J. Mar. Res., 40 (supplement), 329-339

Knox, R.A. & D.L.T. Anderson (1985)
Recent advancesg in the study of low-latitude ocean circulation
Prog. Oceanog., 14, 259-317

Lighthill, M.J. (1969)
Dynamic response of the Indian Ocean to onset of the
southwest monsoon
Phil. Trans. Roy. Soc. London, 265, U45-92

McCreary, J,P. (1985)
Modelling equatorial ocean circulation
Ann. Rev. Fluid Mech., 17, 359-409

Matsuno, T. (1966)
Quasigeocstrophic motiong in the equatorial area

Moore, D.W. & S.G.H. Philander (1978)

Modelling of the tropical oceanic circulation
In: 'The Sea', Vol. 6, pp 319-361. John Wiley Interscience, N.Y.

-20 19"



coone A

Pickard, G.L. & W.J. Emery (1982)
Descriptive physical oceanography
Pergamon Press, 249pp

Wunsch, C. & A.E. Gill (1976)
Observations of equatorially trapped waves in Pacific
sea-level variations
Deep-Sea Res., 23, 371-390

Yoshida, K. (1959)
A theory of the Cromwell Current (the egquatorial undercurrent)
and of the equatorial upwelling --- an interpretation in a
similarity to a coastal circulation
J. Ocean. Soc. Japan, 15, 159-170

-2,20~



Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

(a) Sketch of indian Ocean surface currents. Note the
seasonal reversal of the Somali Current.
(b) Sketch of surface winds over the Indian and Pacific
oceans. Note the north-east and south-west monsoons.
(From Pickard & Emery 1982)

The parabolic cylinder functions Dn for n=0,2,16, d}vided
by (n!)yi so each has the same square integral (2w)4 .

Examples of equatorial Kelvin wave patterns.

For a 'shallow-water' ocean, (a) corresponds to eastward
surface currents and increased upper layer depth, while (b)
has westward surface current and decreased upper layer depth.
For a baroclinic mode in the atmosphere, (a) shows westerly
low-level winds and high surface pressure, (b) has easterly
winds and low surface pressure. In each case the wave
travels to the east at the speed of a gravity wave.

Evidence of a baroclinic equatorial Kelvin wave travelling
east across the Pacific ocean. (From Knox & Halpern 1982)

The dispersion diagram for equatorial waves, for n=-1 (Kelvin
wave), n=0 (Yanai wave), and n=1->5 (planetary and inertial-
gravity waves).

An enlargement of the dispersion diagram in Fig. 2.5 to
emphasise the planetary waves for n=1->5.

Meridional structure of (a))?f (b) U, for n=-1 (Kelvin)
n=1 and 15 (long planetary) waves. In each case there is
longequator geostrophic balance: -{YUH= -’7:Y"

Spatial pattern of a long n=1 planetary wave with high surface
presgsure. This pattern propagates to the west at one-third the
speed of a gravity wave.

Geometry for (a) western boundary (b) eastern boundary
The effect of a Kelvin wave of step-function zonal form

arriving at an eastern boundary. (Adapted from Anderson &
Rowlands 1976)
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Lecture 3 The ocean forced by wind stress

This lecture begins with a description of the Pacific Ocean. A range of

models is then reviewed, followed by a more detailed look at some basic

dynamics.

X The observed Pacific

Fig. 3.1 shows a sketch of the main currents in the Pacific Ocean.
Between 10°S and 4°N there is a westward surface flow known as the South

EQuatorial Current (SEC):, which has speeds of about 0.5 m sec-1. To the

north, between 4°N and 10°

N, is the eastward flowing North Equatorial
Countercurrent (NECC, with again speeds of 0.5 m sec-1), and further north
again is the westward North Equatorial Current (NEC, speeds around 0.25 m
gec-1). These currents are also shown in Fig. 3.2a along with the trade
winds that drive them. Evidently the NECC flows in the opposite direction
to the prevailing easterlies, in a region of lighter winds associated with
the Intertropical Convergence Zone (ITCZ) --- one explanation for this
opposition will be given below. These currents vary seasonally as winds
change: detailed behaviour is not well known (except at particular places
and times) due to the sparcity of observations.

Another important surface current is the Peru Current which flows north
along the South American coast, south of the equator. Due to the southerly
winds there is upwelling along the coast (¢.f. the wind-driven rise in
sea-level discussed in lecture 1), which brings cold water and nutrients
to the surface promoting high biological productivity.

Returning to the egquator, there 18 a remarkable subsurface current
called the Equatorial Undercurrent (EUC), also known as the Cromwell
Current. This is a narrow eastward subsurface flow with speeds of over 1 m

sec-1 and a transport of around 40 Sv. 15 is about 100 m in vertical
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extent, lies about 150 m below the sea surface, and is confined to
from the equator (see Fig. 3eeD ). The cause of this current will be
explained later.

Fig. S 2b also shows the meridional variation of sea-level and
thermocline depth: the pressure gradients and 2zonal currents are in
geostrophic balance.

Zonal variations of temperature in a section along the eguator are

shown in Fig. < Y i (This particular figure is very common in egquatorial
oceanographic literature --- an indication of the paucity of data!) This
can also be regarded as a density map, as density variations in the

tropics are mostly due to temperature variations, being less sensitive to
salinity. The figure shows a warm, deep mixed 1layer to the west that
shallows and cools eastward. This distribution gives rise to a negative
zonal pressure gradient that partly opposes the easterly surface wind
stress.

Sea surface temperature (SST) is given in Fig. 3.4. There 1is a large
area of very warm (>28’C) water in the west Pacific. Temperatures decrease
to the east, and a tongue of relatively cool water can be seen along the
equator in the east Pacific. The high temperatures are due to solar
radiation of about 200 Watts m-2, partially offset by evaporative cooling
of around 100 W m-2. (Longwave radiation transfers about 30 W m-2 from
ocean to atmosphere, and gensible heat flux is about 10 W m-2 from
atmosphere to ocean: these are minor effects for the ocean.) This influx
of energy is balanced by mixing and by horizontal exchange. Fig. 3.5 shows
a sketch of these processes. Upwelling is particularly strong near the
equator (see below), and cool water is closest to the surface in the east

(Fig. 3.3): this helps to maintain the c¢ocol tongue 1in the eastern

o



equatorial region. Water flowing westward along this tongue in the SEC is
gradually warmed, to blend with the western warm pool.

Surface wind stress is shown in more detail in Fig. 3.6, for February
and August. Generally the surface winds are easterly: two seasonal
features to note are the monsoonal reversal over the far west Pacific, and
the north-south movement of the ITCZ. The ITCZ is north of the equator in
the eastern Pacific: winds over the equator there diminish when the ITCZ
migrates equatorward in northern winter. Regional wind changes are
important because equatorial waves can spread the effect rapidly along the
equator.

3.2 The Yoshida Jet

We start the dynamice with a particularly simple case --- 2zonally
symmetric flow 1in the 'shallow-water' ocean model driven by a uniform

zonal wind. The noﬁ-dimensional SWE (2.5) reduce to

b G
G oY ¥ F . (3.12)
¥ s Xvgoa- 7:' (3.1b)
?
i % 0 (3.1¢)
7T 5 7

where F represents wind stress acting as a body force over the upper

layer. From (3.1) we have
-GYV -V _ = 4YF (3.2)

which has a particular steady solution P(Y) satisfying

- -
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B ooy Pegi X (3.3)

For F=-1/2 (easterly trades) the standard solution is

Y oo 3 oo
ot T = h X r N
— h ¢ A {
P= 2 Z Hh &) - i Z 8,, (y /‘*) v (3.4)
© 0
where
Ao =1 . Ah = Ah_‘ /(Un+1)Un >
Bo = 1/6 5 Bh = B”_' /(Un+3)(4n+2) %
od = 0.59907...
(Typically for an eqQuatorial problem, our gsimple case has a rather

inscrutable solution: see Gill (1975)for further details, or the original
by Yoshida (1959). ) Fig. 3.7 shows that this complicated function has a
simple structure, with V=P representing poleward flow vanishing at the
equator and ag Y» X< , with extrema at Y= 2,

From (3.1), associated with this particular V we have

U=(+YyP-%3)T | (3.5a)

N
e

77 = - PY T < (3.5b) I

In Fig. 3.7 the zonal flow is seen to be an accelerating westward Jjet I
centred on the eguator (the Yoshida Jet), with weak eastward flow at

*
higher latitudes. Upper layer depth is least at the equator (7 <0 ), and
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slowly deepening at higher latitudes as required by mass conservation.
From (3.1b), flow is longequator geostrophic. Away from the equator, U is
negligible and V is just the esteady Ekman drift (to the right of the wind
in the northern hemisphere).

Divergence is strongest at the equator, and upward motion (upwelling)
is strongest there to compensate. This effect can be seen near the eguator
in Fig. 3.3, with isotherms bowing upward near the surface (and sea-level
correspondingly depressed).

When the wind is switched on other transient waves are also generated:
see Moore & Philander (1978) for details and diagrams.

In practice U and 7* do not increase indefinitely but are limited by
dissipation and, as will be shown, boundary effects.

3.3 Sverdrup balance

Another important simple case is that of steady, inviscid, wind-driven

flow in an ocean with east and west boundaries. The SWE are now

= *
7 x :
S Sl S (3.6b)
Z 7Y ?
Ux + V{ = O o (3-6c)
From these equations we deduce
Jz'v . G sl £3.7)

thus relating meridional flow to the wind stress curl. Following Sverdrup
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(1947) we take U=0 at the east coast X=XE and use (3.6c) to obtain

X

z
‘ e
2 U= j \C‘-P.T)Y o X b (3.8)
X
(In general U#O at the west coast according to this equation. Short
planetary waves set up a boundary layer there --- c¢.f. western boundary

currents like the Gulf Stream.) Hence

1
- fx[:: FY (G -F)] ax & fo GOy el o+

Xg

<
"

(3.9)

+ some constant #

The main feature is that there 1is8 no flow 1if the wind stress curl

vanishes. The wind stress is balanced by pressure gradients due to 7“} set

up by waves and boundary effects. For example, with F=-1/2 and G=0 as for
the Yoshida Jet case we find

'7* - -7 [x—{(xg+xw)]

(3.10)

U=V =20 .

Pressure decreases eastward in thies sgolution, as observed in the Pacific.

This theory offers one explanation of the NECC. In Fig. 3.2 we see that

F>>G (winds are mainly zonal) and that ﬁq

predicts an eastward current there, as observed. The theory as a whole is I

<0 in the NECC region, so (3.8)

not entirely satisfactory however: e.g. observed currents are stronger

than wind strese curl can explain, and no undercurrent is possible.



3.4 transient effects

The question arises as to how such a steady state could be established,
and Cane & Sarachik (1976,1977,1979) investigated this as part of a series
on forced inviscid shallow-water oceans.

When a constant wind stress is switched on at T=0 the initial response
is a Yoshida Jjet, except at the east and west boundaries where zonal flow
is blocked. At the west coast a Kelvin wave is generated along with (much
slower) short planetary waves, while at the east coast 1long planetary
waves are generated as described in lecture 2. In the interior the Yoshida
jet continues to develop until a wave arrives from one of the boundaries.
The Kelvin wave reaches the east coast at time Ty= X -X,, ., and the fastest

E

long Rossby wave reacheg the west coast at time ch 3(XF—X“). When these

two waves meet at X=(X,, +3X; )/4 at time Ty = 3(X,-X,)/4 the entire
interior has been influenced by the boundary and the Yoshida Jet solution

is no longer valid. Fig. 3.8 shows this segqguence of exents
diagrammatically.

The passage of these waves sets up a pressure gradient to oppose the
wind stress. As slower waves (and reflections of faster waves) fill up the
ocean the wind stress ans pressure gradient come into balance everywhere,
more slowly further from the equator. Just along the equator the Kelvin
and long Rossby waves slosh water to and fro, reflecting efficiently and
delaying adjustment there. (See Cane & Sarachik 1977 for a detai{ed
analyeis and discussion of this adjustment.)

McCreary (1976) also describes solutions of the inviscid SWE for winds

with assorted meridional structure, motivated by seeking the response to a




weakening of the trade winds (i.e. the onset of a westerly wind anomaly).
Fig. 3.9 shows the effect near the eastern boundary for several zonal wind
profiles: (a) uniform (c.f. Yoshide Jjet) (b) within 500 Km of equator
(c) within 200 Km of equator (d) more than 500 Km from equator. Case (b)
is very similar to case (a), case (c¢) shows a weaker response than (a),
while (d) has very little equat;rial signal. Clearly winds outside the
equatorial band have little effect on the equator, but winds for 5°N to 5S
need to be taken into account. Ncte in Fig. 3.9 the coastal Kelvin waves
carrying equatorial disturbances poleward along the east coast.
(Equivalently, higher mode waves with slower zonal propagation influence
the higher latitudes, soc the response 1is confined closer to the coast at
higher latitudes.)

The westerly winds cause a deepening of the upper layer which is
enhanced at the east coast (to create a positive zonal pressure gradient).
Physically realistic parameters were chosen by McCreary for his examples:
the 50m deepening after about 50 days 1is comparable to changes observed
during E1 Nino events.

Another case selected from McCreary (1976) is the effect of northerly
windse in a zonal band north of the equator. This 1is analogous to the
longshore winds and storm surges described in 1lecture 1.: these winds
drive a westward Ekman drift away from the coast. The result can be seen
in Fig. 3.10. The upper layer deepens at the east coast and a coastal
Kelvin wave carries this information poleward, as in lecture 1, but now
Rossby waveeg also carry information westward away from the coast, more
rapidly closer to the egqguator.

3.5 Dissgipation effects and the Undercurrent

So far, dissipation has been ignored. In the ocean this effect is small

—30 8"‘




(typical decay scale is >100 days) so the fast waves (Kelvin and 1long
Rossby) can cross even the Pacific virtually unaffected, as observed.
Slower waves are affected more strongly, with important consequences.

In the context of the SWE with uniform forcing considered so far,
Yamagata & Philander (1985) have considered the effect of mixing of 'heat'
and momentum by adding Newtonian 'cooling' (damping of depth changes) and
Rayleigh friction. For the long non-dispersive waves mixing of heat is far
more effective than mixing of momentum as a damping mechanism.

Of more direct interest 1is McCreary (1981) who used a continuously
stratified model with dissipation, separated into vertical modes governed
by the SWE as described in lecture 1. The steady response to easterly wind
stress is sought: there 1is a surface mixed layer and the wind acting on
this layer as a body force is projected onto the vertical mode structure.
In the absence of dissipation Sverdrup balance is realised for each mode:
these sum together to give motion (due only to non-zero wind stress curl)
only in the directly forced mixed layer, uniform with depth (no
undercurrent).

With dissipation the higher mode (vertical and horizontal) waves are
damped shorter distances from their region of generation by direct forcing
or boundary reflection, gso the process of adjustment toward Sverdrup
balance is incomplete. Only for the fastest modes is a pressure gradient
establisgshed across the ocean to balance the wind stress. In particular,
the pressure gradient no longer matches the wind stress along the equator
in the mixed layer, and no longer gumeg to zero below the mixed layer, sO

substantial zonal currents are driven there.

Fig. 3,11 showe the result: there is a westward surface current and,
below the mixed layer, there 18 an eastward undercurrent of realistic
"3- 9'_




magnitude. (Note that the wind stress applied in this model is not zonally
uniform, but strongest at mid-ocean.) Other features are the upwelling
into the mixed layer, and the very weak flow at depthe >200 m. Fig. 3.12
shows a mid-ocean meridional section: the undercurrent is realistically
trapped to within 1o of <the eguator. Surface flow has a poleward
component, while there is subsurface equatorward flow into the
undercurrent to supply the equatorial upwelling.

3.6 SWE and simulation

A linear 'shallow-water' SWE ocean model has been constructed with the
geometry of the Pacific Ocean from 18°N to 7an® S, and forced with wind
etress as observed over several years (subjectively analysed due to the
paucity of data), as described by Busalacchi & O'Brien (1980,1981) and
Busalacchi et. al. (1983). Despite ite simplicity, this model produces
variations in upper layer thickness that compare well with observed
sea-level changes in the eastern, central and western Pacific. Strong E1l
Nino events are reproduced, being associated with weakening of trade winds
in the western Pacific. Currents are not reﬁlistic due to the limited
vertical resolution and the absence of thermodynamics.

3.7 Other ocean models

We have concentrated on simple linear models to concentrate on the
basic dynamical processes. There are of coursé many others of varying
complexity. McCreary (1985) gives a good review of the range, 80 just a
few are mentioned here. For the linear SWE, Cane & Patton (1984) describe
an efficient procedure for numerical calculations, using the longwave
approximation to eliminate all but the 1long non-dispersive waves (Kelvin
and long Rossby). Cane (1979a,b) presents a model which 1is essentially a

'shallow-water' ocean with a directly wind-driven sub-layer of constant
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depth —— this structure allows an undercurrent; linear and nonlinear
effects are described. A variation of the 'shallow-water' ocean that
includes simple thermodynamics and allows varying sea-surface temperature
can be found in Anderson & McCreary (1985).

Ocean general circulation models have been applied to the tropics. An
example illustrating the response to the switch-on of a zonal wind stress
can be seen in Philander & Pacanowski (1980). Such models often use
non-uniform grid spacing, concentrated near the equator to better
represent the major eqQuatorial waves: e.g. Philander & Seigel (1985). A
related ocean GCM 1is being used 1in Met. O. 20 to simulate the tropical
ocean, and this has been coupled to the Met. O. atmospheric global GCM (as

has a global ocean GCM of lower resolution).
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Fig.

3.10

3.11

Major currents in the Pacific Ocean (from Pickard & Emery 1982)

A typical meridional section across the equatorial Pacific.
(a) surface currents and trade winds

(b) vertical structure of the upper ocean

(from Pickard & Emery 1982)

A vertical section of temperature along the Pacific equator
(from Toole 1984)

Climatological sea-surface temperature in the tropical Pacific
(from Toole 1984)

Structure of the upper ocean in the eastern equatorial Pacific
(from Toole 1984)

Climatological surface wind stress over the tropical Pacific
(a) February (b) August (from Gill 1982)

The Yoshida Jet: zonally symmetric response to a uniform
easterly wind. Poleward flow V is steady, while U and ))*
increase linearly with time.

The principal effect of boundaries when a uniform wind stress is
switched on: a Kelvin wave travels at speed 1 from the west

coast and a long Rossby wave travels at speed -1/3 from the east
cocast. They meet at time TY = 3(x‘-xw)/a. opposing the Yoshida
Jet.

The change in upper-layer depth in response to the onset of
westerly wind stress in a 2zonal strip, with latitudinal
dependence shown to the left of each case. Horizontal distances
are in Km (from McCreary 1976)

The change in upper-layer depth in responge to the onset of
northerly windes in a 2zonal strip north of the equator.
Horizontal distances are in Km (from McCreary 1976)

The response along the equator to easterly wind stress

in a continuously stratified model with dissipation.

(1) contours of zonal velocity in cm sec-1

(2) circulation in the zonal plane: calibration arrows show
100 cm sec-1 horizontally and 0.005 cm sec-1 vertically.

Note the strong eastward undercurrent (from McCreary 1981)

As Fig. 3.11, but showing a meridional mid-ocean section.

Calibration arrows are 10 cm sec-1 (horizontal) and
0.005 cm sec-1 (vertical) (from McCreary 1981)
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LECTURE 4 The atmospheric response to heat sources

Over the tropical Pacific, rainfall c¢can be 1in excess of 5 m/year
( >0.5"/day) in the Intertropical and South Pacific Convergence Zones,
with about 4 m/year in the Indonesian region. This corresponds to a latent
heating rate of several degrees/day, with a vertical distribution which is
strongest in the mid-troposphere (see Fig. §.1). The response of the
tropical atmosphere to this diabatic heating has a strongly
'first-baroclinic' structure: that is, oppositely directed horizontal flow
at upper (e.g. 200mb) and lower (e.g. 850mb) levels, high pressure aloft
over low surface pressure and vice-versa, largest vertical motion at
mid-levels. In this 1lecture the SWE will be applied to determine the
horizontal evolution of this baroclinic structure, in simple models of the
tropical atmosphere.

Prescribed heating will first be considered, producing the basic Hadley
and Walker circulations. The 1latent heating depends on the circulation
however, g0 a model that allows self-determination of the heating pattern
will also be presented.

4.1 Basic egquations

In previous 1lectures the basic equations were presented in terms of
density and vertical displacement. It 1is here more convenient to use
potential temperature 6

Consider perturbations from a background state /P,(z).F,(z). ©,(2),

governed by
ut - fv = -(p'4f%)x: (4.1a)

VC + fu = —(p'/Fo)D (4.1b)
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(0/p0,); = & (e’/e,) (4.1¢)
7
(©'/©,), +wN/g =0 ; (4.14) l
u + v +w =20 (h.le)l
x 3 } ?
where
o ]
N‘Z(z) 5 5 0(. )
99 dr}r »

/
p’ and © are perturbations from p, and ‘eo . and (4.1c) is a convenient

approximate form of the hydrostatic equation for perturbations. '
For vertical modes we put (c¢.f. lecture 1) l
A A
(u,v) ql(z) (u,v) % (4.2a) l
| A
P' /P, = \P(z) P' /Po. : (4.2b)
A
w=P(x) w fl:3e) l

:
|
where /O,o is a constant reference density. The hydrostatic equation

requires

(e’se,) - —5"'- ¥, (P /pus) (4.3)

’

and we put

A
- (o /,o,.) - sHe (67 &) (4.4)
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to rewrite (4.3) as
(6 oD  Lue (P} (elro.u) (4.5)
- He (N%/c®) ¢ (é’/ew) . (see below)
Separation of vertical structure requires
Y - me ¢} (4.6a)

q’}' . b (4.6b)

which combine to give

2 2
P oy A bR e (a.7)
77
‘/?.
As before, ¢ = (gHe) will be the gravity wave speed of a mode with

equivalent depth He.
For example, assuming a rigid 1id at the tropopause at height v H, the

boundary conditions for (4.7) are
(P P, at ze0 , wH (4.8)

2
With constant N for simplicity, we find that the first baroclinic mode

has

_a.s..




(P = sin (z/H) ; (4.9a) I

(4.9b) l

\P = (He/H) coe (z/H)
2
c = gHe = NH (4.9¢c)

/
This structure 1is illustrated in Fig. 4.2: note that positive © at
mid-level is associated with 1low surface pressure and high upper-level
pressure.

Equations (4.1) reduce to

Gt ey (F///?o,)x = 3Hc (e’/Qn)x 2 (4.10a)
Ce + 0 - - (F ’//0.,)3 = g He (é'/Qo.)j 5o (halon)
(8/0:0), = % /He = U« CJ . (8.10¢)

These SWE equations are made non-dimensional in the usual way, with

(u,v) = ¢ (U,V) ’ w = (He/a) ¢ W 5
(x'y) = a (X,Y) s z = H 2 ’
(4.11)
Tomoia/a) T "y
Ay %
o /8. « @ 5 Bligs e Te e w

where
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to obtain

) L
N -
i s ex ; (4.12a)
e T el (4.12b)
o X ? ;
e
. = —w = Ux -+ v.r A (ﬂ.l?c)

(Note: p# = - 9* )

The atmosphere rapidly comes. into equilibrium with low-frequency
forcing, as effects 1like radiative cooling and cumulus friction act to
damp out perturbations on a timesale of a few days. Here we add Newtonian
cooling and Rayleigh friction to (crudely) represent these processes, and

will only consider the steady state governed by

—‘{YV- 9: 1) (4.13a)

[} we
<Y Us» e\f - EV (4.13b)
W = egh ol Q (4.13¢)

where Q is a prescribed heating rate. A reminder of typical atmospheric
scales: a = 1000 Km , ¢ = 50 m sec-1 , timescale = 0.25 days.
Typically € € 0.1 which corresponds to a damping timescale of > 2.5 days:
in this time a Kelvin wave with speed ¢ would travel > 10000 Km (the width

of the Pacific).
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4.2 Zonally symmetric

When forcing is independent of X we obtain from (4.13)

B ik
¥o ALY v ) Viw =0 g (4.14)

~ z
For §< 0.1 the term £ can be neglected, leaving

i
v‘f‘f -qY Ve - Q o (u-15)

Consider broad heating centred on the egquator of the form

Q= €[ 1-(vB) ] ; (4.16)
then (4.15) is the same as the Yoshida Jet equation seen in lecture 3!
This heating (4.16) is not reasonable at high latitudes, 8o 'sidewalls'
are placed at Y= £B, and, as an example, solutions for B=4 are given in
Fig. 4.3. Low-level meridional flow is everywhere equatorward (poleward at
high level). There are low-level easterly jets either side of the equator,
with weak flow (doldrums) at the equator. Vertical motion is upward in a
broad region around the equator, with compensating sinking at higher
latitudes. In the absence of motion the mid-level perturbation potential
temperature would be ef} Q€ . The adiabatic cooling due to upward motion
reduces o below 0,» around the equator; vice-versa at higher
latitudes. Thie atmospheric version of the Yoshida Jet 1is a thermally

direct circulation: a Hadley cell.

Thermal forcing 18 generally more concentrated than in the example

-4.6-



above, but the general features of the response are robust. An example
from the other extreme is the infinitely narrow delta-function heating

concentrated along Y-Y;:

Q= $(v-v,) : (4.17)

The solution in this case 1is

- CH (-Y,) H(Y) / A ¥, < Yo 2 TR
V = (4.18)
Z
E Bo(Yo) B(=Y) / & «B € N.< ¥
where
A = H*(YO) BO=Y_ .3 = H(Y. ) H (=¥_)
= -2 Ve(B) Vo(B)
and

H(Y) = Ve(Y) - Vo(Y) Ve(B) / Vo(B) 2

Here Ve and Vo are even and odd free solutions of (4.15):

oo

vo(Y) = ¥ 2 A, (ytsouy” (4.19a)
e L "

YalY) =i 2 . B (Y /) (4.19b)
o

where

A = A / Un(l4n+1)
) h=|

-uo7-



Bh = Bn—t/ Un(ldn-1)

Correspondingly,

A\
<
A\
o

o Y (4.20)

A\
<
A
]
A )

~H (Y,) HA-Y) / A -B

The shape of these functions is far from obvious! (Typical.) The response
is not complicated however, and is ilustrated in Fig. 4.4 for Y =0 and Y,
=1. Low-level wind is toward the latitude of heating: for Y, =1 this means
substantial cross-equatorial flow. For Y, =0 the zonal easterly double jet
appears as 1in the previous case; for %,-1 however westerlies appear
between the eguator and the 1latitude of heating, with easterlies
elsewhere —— the flow across the equator switches from easterly to
westerly as the Coriolis parameter changes sign. Vertical motion (not

shown) is concentrated in an upward spike at Y with weak descent

elsewhere. Again circulation is Hadley-like —— the case Yo =1 may be
regarded as the the ITCZ situated north of the equator, and Yo =0 as the
ITCZ moved south over the eguator.

4.3 A patch of heating

Heating 1in practice 18 not 2zonally uniform. Normally heating is
strongest over the Indonesian region where sea-surface temperatures are
high and surface air can hold a lot of water vapour. During strong E1 Nino
events there is anomalously strong heating over the central Pacific when

SST rises there.
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Gill (1980) presented an SWE model of the response to such heating, and
some of his results will be described here. Matsuno (1966) also considered
such effects in an SWE model forced by 2zonally-distributed mass sources
and sinks. Other more complex models willibe mentioned later.

Gill wused the longwave approximation (valid for long zonal wavelength
and small dissipation T <<1) to replace (4.13b) by the longequator

geostrophic form

4.21
Y 3 ( )
He first considered heating centred on the equator of the form

coe (kX) -L<X<L
Q(X,¥) = F(X) exp{-Y /4} = exp{-Y>/l} (4.22)
0 otherwise
where

k = 249/L »
The transient response 1is described in Heckley & Gill (1984). A Kelvin
wave propagating eastward at unit non-dimensional speed affects the region
X>-L, and only this wave influences X>L. This contributes

v = 0 (4.23a)

u, = - e: = }2'_ q,(X) exp{-Yt/ll} (4.23b)

-a- 9"




where
.0 X<-L
Boix) - —;L—T”1 - Ecos(kX) - k [ sin(kX) + exp{-f(X+L) ] -L<X<L
. £+ k
123 -k [ 1 + exp{-2E L} ] exp{E(L-X)} 2 L<X

This Kelvin response decays eastward on a length scale 1/& east of the
forced region, and sets up easterly low-level flow toward the region of
heating.

Likewise a long Rossby wave propagating west at speed -1/3 affects the

region X<L, and only this wave affects X<-L. It contributes

Up = % 9,(X) (Y -3) exp{-Y’/u) , (4.20a)
Ve = [F(X) + B EQ,(X)] ¥ expl-Y /) : (4.24D)
* ‘/ i S T 5 a a

©p = —7Z3,(X) (1+Y ) exp{-Y /4} : (4.24¢)

where
-k [ 1 + exp{-6EL} ] exp{3 E(X+L)} X<-L

[}
qz(x) = - -3 Ecos(kX) + k [ sin(kX) - exp{3 & (X-L)} 1] -L<X<L
ﬂiz+k

0 L<X
This decays westward on a length scale 1/3 £ . Near the eguator there are

westerly low-level winds toward the region of heating, with cyclonic

—“. 10-



low-level flow to the north-west and south-west of the heated region.
The net response is the sum of these two forced waves, and is shown in
Fig. 4.5. In the forced region the sum giyes low-level poleward flow, away

from the heating. To understand this effect: from (4.13a,b)

gy (Uy + V) +Jiv--£(vx-u\r) (4.25)

which combined with (4.13c) for £<<1 leads to

XV =23YQ

(4.26)
i.e. poleward motion where Q>0. Thus rotational effects induce this
counter-intuitive meridional low-level flow away from a region of rising
motion.. (Net upward motion is fed by the larger zonal flow into the region
of heating.)

The zonally-integrated flow in Fig. U4.5d shows a thermally direct
Hadley circulation. Average low-level meridional flow (due to Ve alone)
is equatorward, despite the poleward component noted above. There 1is no
net zonal flow along the equator: in fact the whole structure is very
similar to Fig. U4.3. (Thie 1is a linear model, so the zonally-integrated
flow is simply that driven by the zonally-integrated heating.)

The meridionally integrated flow in Fig. U4.5c shows a Walker cell — a
thermally direct circulation oriented zonally along the equator, as
obsgerved in the Pacific.

Further examples for antisymmetric heating, and superposition with
symmetric heating, can be seen in Gill (1980).

Similar effects in somewhat more complex models have been described by

-4.11-



Webster (1972) and Geisler (1980). Transient effects in a shallow-water
model have also been investigated by Lau & Lim (1982). Zebiak (1982) has

used the Gill model with heating related to sea-Surface temperature.

4.4 Moisture effects

The forcing 1in the above examples represents latent heating. The
distribution of this heating is not really independent of the circulation,
ag assumed above, but rather occurs where there is 1low-level convergence
and a supply of moisture. Gill (1982) introduced an extension of the
simple baroclinic model to include &a moisture budget, and applied it to
equatorial dynamics as in Gill (1985). A detailed description appears in
DCTN 41 (Davey & Gill 1986), so only an outline will be given here.

The basic 1idea 1is to add a new variable Qq which represents moisture
content in a vertical column. Moisture is concentrated at low levels, 8o q
is advected by the low-level wind U. It 1is 1increased by surface
evaporation up to some saturation value gsat, and at a given location it
tends to increase when there is low-level convergence (and vice-versa). If
q=qgeat and there 18 a net tendency to further increase q then excess
moisture is precipitated out (falling straight into the ocean and out of
the model), releasing latent heat to the atmosphere.

Latent heating occurs where motion is upward, and it affects the static
stability (which in our simple model so far had a fixed, stable background
value) by counteracting the adiabatic cooling associated with the upward
motion. In &a suitable non-dimensional form, gsat=1 implies neutral
conditions where adiabatic cooling and 1latent heating balance each

other, and gsat<l means conditionsg are moist stable.

-4.12~




The tropical atmosphere is generally moist unstable, but as deep
convection takes place on scales too small to be properly represented by
our large-scale model we take gsat<l to represent average conditions over
a large area: 9sat=8/9 1is used in the example to follow. Constant gsat is
chosen for simplicity; in practice it is related to sea-surface
temperature via the Clausius-Clapeyron equation to increase gsat over |
warmer water.

The non-dimensional rate of latent heating 1is q9sat.W, and in the
simple steady zonally-symmetric model it always rains where W>0. Thus

(4.13¢c) is modified by moisture effects to

- Ee" + Q W<0, dry
W = (a-27)
- ge" + Q + gqsat W W>0, wet =
Where W>0 we can write
*
(1-gqsat) W= - &O + q (4.28)

to emphasise the effective change in static stability discussed above.

The responge with Q= { [1-(Y/ﬂ)z] is shown in Fig. 4.6, and should be
compared with Fig. 4.3 (the same example with no interactive heating). The
main effect is that upward motion 18 enhanced and takes place over a
smaller latitude band. Meridional circulation is intensified, and there is
precipitation for ]Yl<1. As qgeat is increased toward 1 the precipitation
band narrowe and intensifies further, with an effect like Fig. 4.4 in the

limit gsat->1.
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A similar version of this model has been used to produce qQualitatively

realistic circulation and precipitation patterns over the Pacific, and it
is presently being adapted for use in simple coupled ocean-atmosphere
experiments.

Other simple models have been developed to take into account the
interactive nature of latent heating, based on diagnosing the heating
pattern and the circulation by iterative methods (Webster 1981, Weare
1986, Zebiak 1984).

4.5 Extratropical effects

As well as the baroclinic response analysed above, which 1is trapped
near the equator, there can be a substantial larger-scale barotropic
response which is dominant at higher latitudes. This barotropic response
can be directly forced by heating (a weak effect because the vertical
heating profile is largely baroclinic), or indirectly through modification
of the baroclinic component by e.g.non-linearities or surface friction.
There is observational evidence (Horel & Wallace 1981) that equatorial SST
affects the global atmosphere, with distinctive correlation patterns
(teleconnections, Fig. 4.7 showse a typical Pacific pattern), and a large
modelling effort has been made to understand and simulate such
patterns.

Amongst simple models, Webster (1981) has used a linear two-level model
to demonstrate the barotropic extra-tropical influence of tropical SST.
Lim & Chang (1983) used an equatorial beta-plane model including
barotropic and baroclinic components (at high latitudes the response is
distorted by the beta-plane, but the results remain qualitatively
significant).

Most effort has gone into using atmospheric general circulation models

-ao 1“"
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however, to analyse the response to prescribed SST changes. An early
example 1s Rowntree (1972), using a hemispheric model to look at the
effect of tropical East Pacific SST. Other notable tropical Pacific cases
are Shukla & Wallace (1983), Julian & Chervin (1978), and more recently
Palmer & Mansfield (1986) using the Met. O. atmospheric GCM. A collection
of examples of the response to the prescribed SST change during the
1982-83 E1 Nino is included in the proceedings of the meeting on Coupled

Ocean-Atmosphere Models held at Liege in 1984 (published 1985).

—aa 15-
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Fig. a o A representative distribution of latent heating, corresponding
to a precipitation rate of 1 cm/day (adapted from Geisler 1980)

Fig. H.2 Idealised first baroclinic structure for an atmosphere with
constant Nz.

Fig. 8.3 The response to zonally-symmetric heating Q = ¢ [1—(y/a)1]
(a) low-level flow (U,V), mid-level vertical velocity W,
mid-level potential temperature perturbation ©%,
and 6, = /¢ .
(b) vertical cross-section showing zonal flow on the left,
meridional circulation on the right.

Fig. 4.4 The response to zonally symmetric heating Q= § (Y-Y,) for
Y,=0 (solid curves) and Y =1 (dashed).

Fig. 4.5 The response to a patch of heating in the region -2 < X < 2,

centred on the equator, with £ = 0.1

(a) low-level velocity vectors, plus contours of vertical
motion (solid for W=0, 0.3, 0.6 and dashed for W=-0.1)

(b) low-level velocity vectors, plus contours of the
mid-level potential temperature perturbation (Ched
( e“>o everywhere)

(c) meridionally-integrated flow in a vertical section
showing the Walker cell

(d) zonally-integrated flow in a vertical section showing
the Hadley circulation (c.f. Fig. 4.3)

(from Gill 1980)

Fig. 4.6 The response to heating Q = E[l-(Y/ﬂ)t] when latent heating
dependent on the c¢circulation is included. Latent heating gsat.Ww
occurs where W>0.

i)
-
L

&
~

(a) an impression of the upper troposphere geopotential height
anomaly and

(b) surface pressure and wind anomalies due to

(c) the sea-surface temperature anomaly during a typical E1l
Nino event.
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Lecture 5 Ocean-atmosphere coupling

This lecture begins with a reminder of Pacific climatology, followed by
a description of composite E1 Nino and of the strong 1982-83 E1 Nino
event. A simple model is then used to show how coupled instabilities may
occur, then a predictive simple model is described.

A large international programme of observation and modelling 1is
underway, called Tropical Ocean Global Atmosphere (TOGA). It began in
1985, will run for ten years, and the aim 1is to understand and predict
events such as El Nino. Useful collections of papers can be found in the
proceedings of the International Conference on the TOGA Scientific
Programme (Paris 1984), in the proceedings of a meeting on Coupled
Ocean-Atmosphere Models (Liege 1984), and Vol. 27 of Oceanus (1984) (see
reference list).

Be X Pacific climatology

The mean wind stress over the Pacific ocean for February and August is
shown in Fig. 5.1, sea surface temperature for January and July appears in
Fig. 5.2a, and the usual annual cycle of SST along the equator is in Fig.
5.2b. The western warm pool where SST>28? C shows very 1little seasonal
variability: changes there are mostly interannual ones due to changes in
the extent and intensity of the warm pool. Between 140°W and South America
seasonal variability is much more pronounced, with warmer SST appearing
each year in northern winter. This variability is not due to changes
in surface heat flux (unlike the extratropical oceans), but is probably
related to changes in the surface winds. In northern winter the ITCZ moves
south, closer to the equator, with co;sequent weakening of the

south-easterly trades in the east Pacific (see Fig. 5.1). This weakening

(a) causes deepening of the thermocline as the 2zonal presgsure
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gradient opposing the wind stress relaxes, so water upwelled to
the surface is warmer
(b) decreases westward advection of c¢old water by the South
Equatorial Current and decreases the rate of upwelling, so

surface heating is more effective
(¢) decreases coastal upwelling south of the equator so the Peru
Current is warmer and weaker
Fig. 5.3 shows mean outgoing longwave radiation (OLR). [Low OLR (<240 W
m-2) corresponds to high, cold c¢loude and 1is a measure of convective
rainfall.] Convection areas over Africa and the Americas can be seen in
the summer hemisphere. The main convective area is over the pool of warm
west Pacific water and adjacent land (principally the 'maritime continent'
of Indonesia). Convection associated with the ITCZ and SPCZ is evident,
again overlying relatively warm SST.

5.2 Composite E1 Nino

The annual cycle is occasionally (every few years) interrupted by an E1l
Nino event when sea surface temperature becomes anomously warm over a
large area of the eastern and central Pacific, accompanied by anomalously
high rainfall.

A phenomenon closely related to E1l Nino 1is the anomaly in the
Tahiti-Darwin surface pressure difference. Normally surface pressure is
relatively low over Darwin and high over Tahiti (these locations are
representative of conditions over a wide surrounding area), as required
for the normal Walker circulation with low-level easterlies over the
Pacific. This pressure difference is an 1ndex‘for the Southern Oscillation

—— negative valuee are associated with weaker easterly winds and an

eastward shift of the Walker circulation. It fluctuates as seen in Fig.

_5.2_
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5.4, and provides an indicator of ENSO events.
Rasmusson & Carpenter (1982) compiled a cohesive picture of such evente
by combining data from the 1951, 1953, 1957, 1965, 1969 and 1972 episodes.

(This composite was needed due to the lack of data for any one event.)

Fig. 5.5 provides a summary of related global climate anomalies note

in particular the eastward shift of rainfall over the tropical Pacific.

Fig. 5.6 shows the evolution of composite sea surface temperature
anomalies during an event, and Fig. 5.7a shows SST anomalies along the
equator.

Preceding an event (year -1) Pacific SST is slightly cooler then normal
in the east, warmer than normal in the west. There are stronger than
average easterlies in the west Pacific, sea level is correspondingly high
in the west and 1low 1in the east. Near the end of year -1 westerly wind
anomalies occur west of the dateline, and sea level slope along the
equator begins to relax. SST begins to rise off the South American coast,
ags in the normal seasonal cycle. During year O.SST at the east coast then
continues to increase until about June; the peak SST anomaly then moves
offshore as the positive SST anomaly spreads westward along the equator,
merging with a smaller central Pacific anomaly. A rise in sea-level
propagates polewards along the American coast, as coastally trapped waves.
Westerly wind anomalies are found along the equator, sea-level generally
falls in the west and rises in the east Pacific, and the strength of the
Equatorial Undercurrent is reduced. The ITCZ 1is south of its usual
position and the SPCZ is displaced northeastward; accordingly rainfall ies
enhanced in the tropical eastern and centrallbaciric. and is below normal
over Indonesia. Effectively the upward branch of the Walker circulation

moves to the central Pacific from the west Pacific.
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Conditions return to normal in the following year, with a decrease in
SST spreading west along the eqguator.

The timing and nature of the changes in sea-level are consistent with
an oceanic Kelvin and Rossby wave response to weakening tradewinds near
the equator. The SST changes along the equator can be related to a weaker
South Equatorial Current and reduced upwelling. Gill (1983) used a
shallow-water model to deduce the evolution of oceanic anomalies during
the 1972 El1 Nino from sea-level observations at the east coast.

5.3 The 1982-83 El1 Nino

The indicators in Fig. 5.4 show that the 1982-1983 El1 Nino was an
extreme event. It was relatively well observed (but not well enough to
unambiguously trace its cause) —— see Gill & Rasmusson (1983), Cane
(1983), Rasmusson & Wallace (1983), Barber & Chavez (1983), Philander
(1983), Quiroz (1983) for example.

This event differed from the usual pattern in many ways. The usual

Precursors were absent, so its occurrence was unexpected. As can be seen
in" pPig. 5.7b, anomalous SST increases occurred simultaneously across the
central and eastern Pacific, rather than spreading from the east coast.

Warming at the east coast began around June, rather than the usual January
start. Fig. 5.8 shows an eastward surge of warm SST (actual value, rather
than the anomaly) bringing 28° water right up to the east coast,
accompanied by anomalous rainfall and westerly winds. The change is shown
schematically in Fig. 5.9. Fig. 5.10 shows the large area of the central
and eastern Pacific affected by this SST change. Accompanying changes in
sea-level are shown 1in Fig. 5.11 (WVrtkl 1984), reflecting the large
movement of warm water to the east and changes in thermocline depth. The

usual 2zonal pressure gradient disappears entirely in this extreme event,

=t
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as does the Equatorial Undercurrent (Firing et al. 1983).

How did such a strong event take place? It may have been
self-amplified, given a start, in the following way. Anomalous latent heat
release induces anomalous westerly winds to the west of the heated region
(as seen 1in lecture 4); these westerly winds drive anomalous eastward
surface currents in the ocean which advect warm water eastward, tending to
move the region of latent heat release eastward, ete. Fig. 5.12
summarises the mechanisms involved. The process is terminated by oceanic
Rossby waves reflecting from the east coast which oppose the eastward
current anomaly (Gill & Rasmusson 1983).

5.4 Unstable modes in simple coupled models

Mechanisms such as the one outlined above have been investigated using
simple coupled models. The simplest such models involve the 1linear SWE
ocean and atmosphere with no boundaries, and these demonstrate the
existence of amplifying coupled disturbances (Lau 1981, Philander et. al.
1984, Hirst 1986, Yamagata 1986). We briefly describe here some results
from Hirst (1986).

Hie atmospheric component is essentially the same as the SWE model
presented in lecture 4 (without moisture). The heating Q is not prescribed
however, but is 1linearly related to sea surface temperature perturbations

T By

= ' -
Q KQT (5.1)

where KQ is a coupling coefficient with a value observationally based on

an excess rainfall of 11 em/month for each °C of SST increase. A damping

time of 2.5 days and a gravity wave speed ¢=30 m sec-1 were used for the
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atmosphere. (With this rapid damping the atmosphere is effectively in
equilibrium with the underlying ocean, which changes on a much longer time
scale. )

The ocean component is a shallow-water ocean with Rayleigh friction and
Newtonian ‘'cooling'. The damping time 1is about 100 days, and the gravity
wave gpeed is 1.4 m sec-1. (A range of values was actually used with
qualitatively similar results.) Low-level winds u, from the atmosphere

model provide the surface stress to force the ocean, as a body force

where K: is about 140 day-1.
Thermodynamics is included in the linearised form
PU A al Tola K IRt - o (5.3)

€ %t

where T' represents a perturbation in the upper layer (hence surface)
temperature, h' is the upper layer depth perturbation, and u is the zonal
ocean current. The upper layer has a mean temperature T which can have a
zonal gradient (as in the normal Pacific Ocean), so T' can change due to
zonal advection. . The term K( h' represents the warming that can occur
when the thermocline deepens, as observed, due to the upwelling of

(relatively) warmer water within the upper layer (rather than cooler water

upwelling from below the thermocline). Typical values are ?;33 -0.5

-

°C m-1 gec-1 (obtained by linearising a

-9
/1000 Km , and Kq,z 3.5 ¢ 10
standard mixed-layer model). Linear damping again has a timescale of about

100 days.
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Temperature variations are ignored 1in the calculation of pressure
gradient in the momentum equations however, as depth change effects
dominate. Thus the ocean c¢circulation is controlled by the usual

'shallow-water' equations

*—‘Hi"&& "'3'0'""8!’: + Kown, (5.3a)

Et ?

. (5.3b)

WY e Hlug » v:’) - -En

An energy analysis shows that the atmosphere gains energy if the
heating Q (proportional ¢to T') is positively correlated with warmer air,
and this is the energy source for growing coupled disturbances. The ocean
also gains energy if wind stress and upper layer currents are positively
correlated (i.e. are oriented in roughly the same direction).

We will 1look at two cases representing different mechanisms for ocean
temperature change.

I Local thermal equilibrium

When the terms on the right of (5.2) balance we have

T' = (K(/ﬁ) h' (5.4)

which can be regarded as a diagnostic equation for T'. This balance is
most likely to occur where mixed-layer depth is small.

Typically, atmospheric waves are virtually unaffected by the addition

of an ocean timescales for these waves are too short for the ocean to

respond significantly and feed back to the atmosphere. Oceanic Kelvin,

Yanal and Rossby waves are affected by the addition of an atmosphere
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however. In this case, as K KS is increased a Kelvin-like mode becomes

Q
unstable, Yanai waves are less damped, and Rossby waves are more damped.
This behaviour can be explained by looking at the structure of these waves
for a section along the egquator —— gee Fig. 5.13a.

For the Kelvin wave, h' and u have the same sign, as seen in lecture 2.
Hence (from eq. (5.4) ) warm SST is associated with eastward current, and
vice-versa. This warm SST causes latent heating of the atmosphere such
that low-level westerlies largely overly the eastward currents. Thus the
ocean disturbance is amplified, which increases h' and hence T' and hence
Q and hence...etc. The pattern as a whole moves eastward at a speed
somewhat slower than a free oceanic Kelvin wave.

For the Rossby wave (mode n=1 symmetric about the equator) h' and u
have opposite sign, so warm SST is associated with westward currents. This
westward current 1is opposed by the surface westerlies generated in the
atmosphere, and the coupled mode decays.

Horizontal structure of these waves is shown in Fig. 5.14; as one would
expect, the atmospheric component has a much larger meridional scale than

the oceanic component.

II Thermal advection limit

For a deep mixed-layer situated in a region of mean surface temperature
gradient, temperature perturbations are mainly due to advection. Ignoring

upwelling effects in (5.3) leaves

T't + u F.. = -fT (5.5)
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Again ocean waves are influenced by the coupling, but now the effect is
very different. The Kelvin wave decays while the Rossby wave 1is unstable
(the more so for increasing wavelength). Vertical structure can be seen in
Fig. 5.13b. Effectively the uT; dependence of T' shifte SST perturbations
(and hence atmospheric heating Q) by a qQuarter wavelength compared to case
I. Surface currents and 1low-level winds now have a negative correlation
for the Kelvin wave, positive for the Rossby mode. The net effect is an
unstable pattern that propagates westward.

Thus different physical mechanismes for generating SST anomalies can
have very different stability properties.

5.5 More simple coupled models, with boundaries

The above model is useful for exploring the type of situations that
allow a disturbance to amplify. Other coupled models have been developed
with the aim of explaining the qQuasiperiodic nature of El1 Nino. Effects
such as oscillations of a sloping thermocline, the time for waves to cross
the Pacific and reflections from coasts are important in these models, so
east and west coasts for the oceanic component are included. Continental
effects are also sometimes included in the atmospheric component. McCreary
(1983), McCreary & Anderson (1984) and Anderson & McCreary (1985) is a
series of such models with simple SWE ocean dynamics and increasingly
sophisticated (well, 1less crude) thermodynamics. These models are
nonlinear, and disturbances grow to a finite amplitude and decay again,
rather than growing indefinitely as in the previous section. The 1985
paper contains an equilibrium SWE atmosphere (atmospheric winds were
parameterised in the 1983 and 1984 articles) ;nd in that case disturbances

could develop in the western or central 'Pacific’, propagate slowly

eastward, and vanisgh at the eastern boundary while a new disturbance grew
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to the west (see Fig. 5.15). Such features are typical of ENSO, however
other details do not agree with observations (e.g. onset is too slow,
oscillations are too regular). Interestingly, disturbances do not amplify
in narrower oceans, e.g. model 'Indian' or 'Atlantic'.

For other varieties of simple coupled models see for example Gill
(1985), Schopf & Suarez (1986). Another model that has received
considerable attention is that by Cane & Zebiak (1985). Only an outline is
given in this reference; details are in a series of papers soon to appear.

In the Cane & Zebiak model the mean seasonal cycle is prescribed and
the aim is to simulate and predict perturbations from that state. The
atmosphere is an equilibrium SWE model with iteration to take into account
the interdependence of latent heating and circulation. The heating pattern
is influenced by the prescribed mean convergence field. The ocean model
has c¢irculation dynamics and thermodynamics separated. Circulation 1is
controlled by an SWE model with an embedded wind-drived mixed layer of
constant depth. The thermodynamics includes upwelling, advection, and
surface heat flux. Upwelling 1is parameterised in a way that takes into
account mean thermocline depth and temperatures. Irregular oscillations
occur in this coupled model with features similar to observed E1 Nino
events.

This model has been used to successfully hindcast E1 Nino events. The
method is to force the ocean with the observed winds (thus building up a
realistic thermocline anomaly), then to 1let the model run freely in
coupled mode (subject to the prescribed mean annual cycle). By this means
the past few ENSO events have been successfﬁily hindcast several months
(and even years) in advance. Evidently the state of the ocean thermocline

(a measure of heat storage) contains enough information for such

]
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prediction.
Such results encourage the belief that E1l Nino events can be
successfully predicted, and hopefully coupled general circulation models

(such as that developed in Met. 0. 20) will enable guantitatively useful

long-range forecasts to be made.
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5.10
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Mean surface wind stress for (a) February (b) August
(From Gill 1982)

(a) Mean sea sgurface temperature for January and July.

(b) Monthly mean sea surface temperature in a section along
the equator to 95°w. then to the Peru coast at 8°S. following
the line of maximum SST anomalies.

(From Rasmusson 1985)

Mean outgoing longwave radiation for December-February, and
June-August.
(From Rasmusson 1985)

Southern Oscillation Index (anomalous Tahiti-Darwin surface
pressure difference) is the dashed line. The solid line is a
measure of sea surface temperature at Puerto Chicama, Peru.
Major ENSO events are shaded. Note particularly 1982-83.
(From Rasmusson 1985)

Typical anomalies during an ENSO event.
(From Rasmusson 1985)

Sea surface temperature anomalies for a composite E1 Nino.
(From Philander 1983)

Sea surface temperature anomalies along the equator to 95°w.
then to Peru at 8°s.

(a) composite for 1957,1965 and 1972 events

(b) the 1982-83 event.

Unite are 0.1°C.

(From Rasmusson 1985)

The 1982-83 El1 Nino:

(a) monthly mean sea surface temperature along the eguator to
95°W, then to Peru at 8°s.

(b) monthly mean low level zonal wind anomalies along the
equator.

(c) monthly mean outgoing longwave rediation anomalies along
the eguator

(From Rasmusson 1985)

Sketch of the changes along the Pacific equator from normal to
late 1982 conditions.
(From Gill 1985)

Sea surface temperature patterns and the 1982-83 anomaly.
Contour internal is 1 C.

(From Wallace 1985) -

(a) Zonal wind speed at 850 mb between 5°N and 5°s.

(note that posgsitive values are westward here)

(b) Sea level (dynamic topography relative to 500 db) along
the equator. Climatological average (g0lid) and 1982-83 values
(dashed) are shown with units of dynamic centimetres.
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Fig.

Fig.

Fig.
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5.13

5.14

5.15

A summary of the processes associated with E1 Nino
(from Wallace 1985)

Structure along the equator of Kelvin and Rossby modes in a
simple coupled model

(a) model I: local thermal equilibrium

(b) model II: thermal advection limit

(from Hirst 1986)

Horizontal structure of the Kelvin and n=1 Rossby modes in a
simple coupled model, showing lower level atmospheric pressure
P (so0lid contours), ocean upper layer depth h (dashed),
sea-surface temperature T (dotted), surface wind (solid
arrows), and ocean current (dashed arrows). The unit of
distance is 250 Km. (From Hirst 1986)

Evolution along the eguator of
(a) sea-surface temperature
(b) thermocline depth
(e¢) zonal wind stress
in the Anderson & McCreary (1985) coupled model.
Warm SST, deep thermocline, and westerly winds occur in the
crossed regions.
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