. As this paper has not been published, permission
| to quote from it should be obtained frcm the
e Head ofthe above Branch of the Meteorological i
o » Office. i
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A Review of some recent Theories of the Boundary Layer
¢ of the Atmosphere

by F B Smith

Introduction

First of all it is appropriate to say a few words about the construction
of the paper. Before the review really starts an attempt is made to establish
a satisfactory notation. As was soon apparent when first reading through many
of these papers there has grown up a great dcel of confusing notation so that
onc letter may mean quite different things in different places and almost every
useful combination of the variebles is somewhere defined by a letter, often
quite unnecessarily. The table of notation here suggested is an attempt to
£it in with the most common usage, especially here in the 'Vest', but taking
into account the very substantial contribution made in this field by Russian
scientists.

The reviewed papers are tabulated in the main table which summarises the
- main facts of each. The papers are subdivided according to the general method
2] employed and the basic assumptions of each method are clearly displayed.
Then for each paper a note is made of the particular assumptions made, the
method of solution and the main conclusions reached.

To supplement this rather concise summary the main text gives a commentary
on some of the various methods, and at the end of the paper there are several
appendices which enlarge upon various parts of the papers where these are
considered either very important or where some elucidation of the original
paper seems desirable.

One of the main aims of the study ol the boundary layer is to optimise the
procedures used in numerical forecasting and general circulation models to
allow for the effect of the Earth's surface on atmospheric motions. With the
vorticity-models it is important to know the induced vertical velocity at the
top of the boundary layer and where this top is. With primitive equations
models, which are becoring more widely used, the need for a detailed boundary
layer theory is less apparent although this may be an illusion. In these
latter models the lowest level at which calculations are made is often well
within the boundary layer and the height of the boundary layer is held fixed
in the sense that the shearing stress is already assumed zero at the second
levcl up. = The shearing stress at the surface is estimeted from empirical

.. reletionships, taking into account the general nature of the stability, which
~ relate the shearing stress at the ground to the wind speed at the lowest level
in a way rather similar to that discussed in the section on similarity theory
A methods. The vertical velocity is obtained directly from the divergence
equation, without further dependence on the theories that are reviewed below.

Clearly it will be important at some stage to decide more precisely in
what way the forecasting models should deal with the surface and to concentrate
our study of the boundary layer accordingly.

/At
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At some later time when the capacity of computers increases several fold it
primitive equation models will no doubt be developed with two or more levels within ¥
the boundary layer so that the encrgy balance near the surface may be gignificantly
improved in its representation. When this happens these theories of the
boundary layer will become of more practical interest, but until that time
the models will presumebly continue to represent the effects of the surface
in a very empirical way.

~

A very good review called the "Dynamics of the Atmospheric Boundary
Layer: a Review" by Zilitinkevitch, Laikhtman and Monin (1967) should be consulted
for further reading.

Notatigg

One of the most confusing things in this subject is the notation. In some
pepers a great number of letters are defined, sometimes unnecessarily and some-
times without regard to customary usage that has been established in earlier works.
Furthermore Russian end 'Western' usage seems to have diverged rather, for
example as in the sywbol to represent heat flux where Russiens have tended to
use q and where in the West H has been more commonly used.

It would be clearly beneficial if the notation could be standardised and
the table below offers a suggested scheme which attempts to cover the needs of
those who work in the field of atmospheric turbulence including boundary layer
theory and diffusion. Tt is virtually impossible at this stage to remove all

ambiguity but by and large one letter is allowed to represent more than one -
quantity only where the context of its use would clearly point to which meaning -
was involved.
L 4 C-
TABLE OF NOTATION
a (i) Deacon's power-law formula for the wind shear %ﬁ = az~ﬁ
(ii) In the theory of approximate similarity to relate KH,Kb (the
diffusivities for hegt and turbulent energy b) and to b and 1 :
KH = CLQBZI"KD = a,bb7-2—1,€1= B.b3/2.
A (1) o =4hu,. In nevtrsl conditions 4 is about 1.05.
(ii) Used in the similarity theory methodsuin the relationship between
2 u
u*/ug and Ro : A(py) =1n [ */fz;} - k g/u,.
- ar — g e 'Aﬂ i’
b turbulent energy = % (u'2 ¥v12 Lw'e),
Used in the similarity theory methods in the relationship between
u,
w/v and Ro : B(u) = - kv fu,.
é ( ¢
CD dreg coefficient,
C as for A and B, C is involved in the relationship for T*/SG. G
Cp heat capacity at constant pressurc,
D i) as for A and B, D is involved in the relationship for q,/8q.
ii) rate of deposition of diffusing material on a surface.
iii) D(r) = structure function (in the description of turbulence).
e exponential function.
E verticel water vapour flux,
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three—dimensional energy spectrum.

éi) the corioiis parameter,
ii) reduced frequency nZ/G in spectrum analysis.

one~-dimensional longitudinel energy spectrum.

used fairly generslly as a functional relationship symbol.
acceleration due to gravity. :

full geostrophic wind speed.

one-Jimensional lateral energy spectrum.

h = ku*/f ; or more generally the height of the boundary layer.
vertical heat flux.

intensity oi' turbulence.

(i) von Karman's constant whose value is about 0.41.
zii) sometimes used instead of k for wavenumber.

diffusivity for momentum.
diffusivity for heat.

length scale of turbulence. ngetimes used with suffix.
the Monin-Obukhov length L = ~%*/kgbtw!,
latent heat. '

& constant which relates the roughness length z, to the surface
shearing stress over the sea : gz = DU 4. Its value has not been
finelly decided, but lies somewhere 0,01 - 0.04.

frequency (in spectrum analysis).

pressure.

specific humidity.
humidity scale E =

source strength.

Uy Qge

distance of separation between two points.
R(t), R(x) etc : correlation function.

The Rossby number = G/fz_.

averaging time.

-

8
temperature stratification parameter = T ?%

time
time-scales : Bulerian, Lagrangian etc.

i) temperature
ii) time of particle travel,

temperature scale H =‘u*T*.
the velocity in the x-direction. U is the mean wind speed.

often used as the full friction velocity at the ground (in which
case vy, = 0) but can sometimes be used as a function of z in
cor.junction with v_.

the component of G elong the x-axis (usually chosen as the direction
of the surface wind),
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3 standard deviations of the components u, v and w.

- b - b S

|the velocity in the y-direction. 2

!
(see u,) : the friction velocity in the y-direction.

ithe component of G along the y-axis. .

vertical velocity.
the entrainment velocity at the top of the boundary layer.

direction, usuelly in the direction of the mean wind.
distance travelled downwind in time T.

lateral direction.

lateral distance travelled in time T.

height above ground.

surface roughness.

heignt of the centre of gravity of a plume.
gi) angle between the surface wind and the isobars.
ii) sometimes used in the approximate expansion of ,rzfm ) ﬂm =1 +al

éi) Ratio of the Lagrangian time-scale to the Eulerian time-scale of turbulence

ii) Deacon's power law formula for the wind shear du _ az“ﬁ .
dz -

surface tension.

adigbatic lapse rate. .

o
‘

rate of energy dissipation.

i) the relative vorticity.
ii) non-dimensionalised height = Z/L.

absolute vorticity ( {+ f).

(i)( potential temperature.
(ii) lateral angular spread in diffusion from a point source.

i) wavenumber,
ii) thermal diffusivity.

wavelength = Gyh.
used in the boundary layer to describe the variation of length-scale with

R =sz(.% 3y
stebility parameter = /L.

kinematic viscosity.

1 time.

density.
standard devialion of the turbulent velocity fluctuations.

standard deviation of the plume cross-section; a function of x.

i) sampling time.
ii). shearinug stress.
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-5 =
') latitude, May also be used for any angle,
;&ﬁ ﬁH’ Einaiimensionalised velocity and temperature gradien®s e.g. ﬂm =
u, dz °
X | concentration of diffusing material.
i i an angle.

g2 Used in semi-empirical length-scale theories of the boundary layer
to define 1. There is no agreed definition of ¥ but is used to

give 1 as follows: q _ _&:gyggﬁ
%

w occasionally used for freguency.

| angular velocity of the Earth.

General survey of the papers

The main Teble in this section summarises the mein details of ail the
papers that have been considered. In the first column the general methods
employed are indicated; the second column gives their general nature and the
assumptions involved.

The first method invclves solving the equations of momentum using an
empirical form for the eddy diffusivity K(z). This is a very simple and dirvect
approach vhich has the virtue that a wind profile is obtained which is not very
sensitive to K(z) and which agrees reasonably well with experimentelly
determined profiles provided the form of K(z) is roughly correct. On the other
hend it gives us little understanding of the relationship between the wind
profile and the diffusivity and the momentum flux, and therefore fails to
answer some of the more complex questions of the boundary layer, Little more
need be said about this method.

The second method (B) is rather more subtle about its empiricism. It has
as its roots a suggestion by von Karmin (1930) that in the constuent stress
region, the length-scale must be determined by the velocity profile end, ignoring
the turning of the wind and any buoyancy effects, he proposed that

du/dz
g e\ T (
1= -k 52§75z2 ‘ _ (1)

This simple law gives the correct solution when u :-%* ln'% neer the ground,
o
for then 1 = kaz.

Qutside the constant stress region, the turning of the wind can nv longer be
ignored and the three papers in (B) explore how allowance may be made for this
in neutral conditions (or when some simple allowance for stebility, such as that
in Ruzin's second paper, suffices). The general attitude has been to replace
du/dz by some function 9 end to define 1 as: _ ‘

v ‘

e )
E .

Clearly this is diuensionally correct but nevertheless is an assumption. The

mejority of papers in this method (B), and in (C) where the effects of buoyancy
are considered, put the dynamical part of Y as the wind sheer:

/¥ =
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/a 2 aV. 2 k :
v (B &)
But the wind shear is a vector end it does not seem entirely natural to place
in the denominator of (2) the derivative of the modulus of a vector, but o
rather onc would expect to see the modulus of the derivative of the vector.
One purely practical issue supports this : the derivative of a modulus can
very easily become zero, but the modulus of the derivative of a vector very
rarely does because it reguires the two component derivatives to passthrough
zero simultaneousdltys

Accepting tne generalised form of the numerator, the latter form of the
denominator would give:

{fou2 (97\e ko

l:k[ —r 'l 2‘ ] (l")
9u)2 3¢\ 2

(5;?/ + ('Tﬂ;%

which is still a netural extension (1). As the Table shows, Ruzin et al.(1963)
did suggest this form but as far as is known he never attempted to solve for
the wind profile.

Certainly the form cf 1 given by (2) and (3) did not yield very good solutions
as can be noted from the Table (Blackadar B(a)). For example the height of
the gradient wind level appears to be about four times higher than usually
observed. Appendix I gives an analysis which supports (4). It supposes that z
an element of air is displaced due to turbulence along the vertical. Because
of the variation 57" the rean wind shear with height the trajectory of tke
element bends back towards its original position in a way exactly analogous to .
Rossby waves in the horizontal., The amplitude of the element's displacement can
be expressed in terms of its velocity and the vertical veclorial gradient of the
mean wind velocity shear. Averaging over all likely displacements, a form for
1 (associated with the mean amplitude) is found which is identical to (4).

In method (C) the problem of non-neutral conditions is considered. Monin,
as early as 1950, suggested using the turbulent energy equation (although he
then carried the solution out only for zero keat flux). This equation is given
in colum 2 of the Table. Since the first term in this is reminiscent of Y/
in (3) the natural way of extending Y/ to include the effects of buoyancy
appeared to be to include one or more of the other terms on the left hand side
of the energy equation; namely, the work done against buoyancy term and the
energy diffusion term. Zilitinkevitch and Leikhtman (1965) included the buoy-
ancy term but ignored the turning of the wind and thereby stood a reasonable
chance of avoiding the difficulties discussed above for Methold (B)s Their
analysis is both analytic and elegent and is given, with some clarification, in
Appendix 2, The resul*s are reasonably encouraging especially in neutral and
stable conditions where the theoretical wind profile seems to fit the data very
well, On the unsteble side the values of u(z) seem rather on the large side
end this, it is claimed, is a results of omitting the energy difr'usion term.

The authors attempt to correct for this omission and are thereby able to bring
the theoretical profile into much better agreement with the data. It should

be noted that the suthors have assumed both the shearing stress and the heat
flux constant and therefore the results are applicable only to the surface layer.
However the paper provides a valuable check and application of equation (4)

of the Appendix which should be of value if the technique can be extended to

the whole boundary layer.

/The
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he last paper in this Method (C), that by Bobyleva, Zilitinkevitch and
Laikhtman, carry through iu a remerkable way the numerical solution of the full
set of equations with the various constants empirically specified. This is
an outstanding piece of work and it seems a great pity that the final results
are rather unconvincing, especially with respect to the variation of K(z) with
height in neutral conditions. As in Monin's{1950) analytic solution, the numeri-
cal results show

éi) K « 2z up to about 1 km

ii) K hes its maximum at about 3 km

(iii) K does not start to fall repidly until z = 10 km.

These heights all seem much too great; the observational evidence suggests that
the K - maxime lie clustered around the 200-500 m level (see for example
Zilitinkevitch 3t al (1967). In view of earlier results, it seems possible
that & major source oi error lies in accepting equation (2) sbcve as it stends,

The fourth method, (D), abandons this semi~empirical form of the turbulent
energy equation and returas to the basic equations of motion. From these
equations it is straightforward elgebra to derive the Friedmann-Keller equations
which express the time rates of change of single-point second-order products of
the velocity and temperature fluctuations (see the Teble). These equations
are then simplified in a variety of ways until the number of unknowisequels the
number of equations so that a solution igs, in theory at least, possible,

- Appendix 3 describes in much more detail the analysis for D(b) and thereby
shows the general method and the sort of deductions that may be mude, The
method is certeinly very complex and quite a large number of assamptions have to
be made. No complete solution of the equaticns has yet been found, although
that is not to say that the method has been without its rewards. For example,
as Appendix 3 shows, it is possible to confirm the empirical connec’ion between
the velocity shear and the shearing stress. Other equally interesting results
are Geduced.

The fifth methcd, E, the similarity theory method, is discussed in more
detail in the next section and in Appendices 4 and 5.

Finelly in Appendix 6 we come to & scheme for inserting the effects of the
boundary layer, where eppropriate, into large-scaele numerical models., The
scheme is based on that in a paper by Charnock and Ellison (1967). It is’
appropriate to remind ourselves of the comments made at the conclusion of the
Introduction in considering this scheme. The epplicability of the scheme to
the stmosphere depends on Charnock and Ellison's observation that in about
50 per cent of all situations over the oceans the bourdary layer consists of
en unstable layer extending from the surface to the base of a deep stable layer,
in which the intensity of turbulence is quite small, and which is affected by
the boundary layer only through entrainment and by vertical changes in the
height of the interface.

Similerity Theory Methode

Brought down to the very simplest terms these methods depend on the

possibility of being able to express the unknown variables in non-dimensional

form, there being suitable argument for saying only one length-scale and one
time-scale (or velocity-scale) and one temperature-scale can be relevaent in
doing this. The non-dimensionalised forms are then postulated to be universal

in character, which will always hold as long as the scales remain the only
relevant ones.,

/Four
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Four contributions are listed in the Table. For the second of these there 4
is only the briefest of summaries to go on, so no further comment will be made.
The first is by Kazansky and Monin (1961), and is given in some detail in
Appendix 4. They solve the equations of momentum having sssumed the relevant L
length-scale is h = Ku*/f and velocity-scale is u,. One further assumption is
made, nam2ly that the shearing stress chenges significantly from its ground--lsvel
value within a layer in which the eddy diffusivity K can be said to vary linearly
with height. In the mathematics this means thet ¢ can be put equal to 1 in
equation (2) Appendix 4, the complex momentum equetion, which can then be solved,
subject to the lower boundary conditions, in ascending powers of { = %z/h., Since
h is large, the expansion is valid only for small { because of the assumptions,
and higher powers than the first in { are neglected. '

Two important deductions follow, namely that u*/G and ¢ can both be expressed
in terms of the Rossby number G/fz . Only the first of these relations was actually
given by Kazansky end Monin in thelr original paper but as the appendix shows,
the second relation easily follows.

In the third peper by Gill (1967) quite a different technique is used.
Gill recognises that dif'ferent length-scales are relevant in different parts of
the layer; thus for small z the surface roughness z is all important whereas for
large z, the boundary layer thickness h becomes the®important scale. He then
makes one further assumption, namely that there exists some intermediate region
where the two universal functions (the one expressed in terms of z/z_, the other

in terms of z/h) are equally valid., This strong constraint determifles the form g

of the universai functions within this region. The log-law for the wind profile n =
follows, as well as the two relationshipsgiven by Kazansky and Monin's method.

One may reasonably have some doubts about the validity of Gill's technique since -

'
!

it is questionable whether either universal function can be assumed valid in a
region in which both length-scales are relevant.

The fourth paper is by Blackadar (1967). His technique bears some
resemblance to Gill's but, to the present author, appears to avoid the pitfalls
just discussed. Since Elackadar's description of the method in his paper is
rather concise, a somewhat more expanded version is offered in Appendix 5.

Blackadar points out that a non-dimensional combination of th: basic
parameters can be constructed, namely fzoéu* (or equivalently z_/h). This is
a very small quantity, something of 0(107?) Since it must en%er the two
universal forms, suggested by Gill, for smell z and large z, we may expand both
of them in ascending powers of fzo/u*.

Having allowed for this extra parameter the region of. validity of each
expansion is now much greater than in Gill's cese and it is reasonable to suppose
that there exists some intermsdiate layer where both expansions are valid.

Neglecting powers of fzo/u* of the first and higher orders, and squating the
resulting forms for u/u* we obtain a relationship which is assumed valid over a

range of z and for all Rossby numbers.,

Relations identical to those of Gill then follow. It should be noted that

two unknown constants of integration, A and B, are involved. Various people
have attempted to determine these from experimentel date but no very definite : F

conclusion has been reached as can be seen from this Table:

/A
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3 2 -3 Le5 8

TABLE Very approximate values of the two constants A and B.

: As can be seen from Figures 11 and 12 in Nonin and zZilitinkevitch/1967)
A and B vary quite rapidly with stability and this may be the reasou for the
discrepancies in the Table which are for near neutral conditions.

Conclusions

The position within the constant stress region is largely well established
end theory and experimental data are in good agreement., The real interest
of these new theories must therefore lie in how well they represent conditions
within the rest of the boundary layer.

The position may be summarised as follows:-

1. The form of the wind profile can be predicted with reasonable accuracy
: but without implying precise forms for K, the length-scale or the shearing
. g stress. In fact many of the solutions for K predict an unrealistically
high level for the position of its maximum.

R 2. There is now good theoretical support for a unique relation between
the geostrophic drag coefficient and the surface Ressby number in neutral
conditions. Experimental evidence generally supports this conclusion,

| although the exact values of the two universal constants A and B are still

| rather uncertain, Theoretical treatments for non-neutral conditions have

| been nade by Blackadar (1967) along very similar lines, and by Bobilevae
et al (1965) in their solution of the momentum and turbulent energy
equations., Monin and Zilitinkevitch (1967) have shown thet it is quite
possible to fit satisfactory empirical curves A = A(u) and B = B(y) through
the availeble date points over a wide range of their stability parameter

y. How well the theoretical curves and the empirical curves match is
not at present known.

3 Application of the so-celled Friedmann-Keller equations, even when
grossly simplified, has been very difficult and the results not very
rewarding.

4. The Gill-Blackadar theory indicetes that in neutral conditions the
log=-profile should extend well outside the constant stress layer.

5. In non-neutral conditions theoretical results are in quite good agree-
ment with the data obtained within the surface layer, especially in steble
conditions (see Zilitinkevitch and Laikhtman, 1965). But above the
surface layer very much more experimental confirmation is reguired.
- Further clarification is also needed on the relation between the tempera-
ture scele T, and the average lapse rate in the boundary, so that
empirical ana theoretical relations for the heat input may be objectively
examined,

w

/6.
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6. Methods B and C which extend von Karman's relation between the length- =~
scalc and the wind profile offer further scope for investigation. In the
planned programme of work at Cardington the following should become avail-
eble:

éi) wind profiles,

ii) measurements of stress at two (or more) levels,
(iii) estimates of energy dissipation e .

We may follow Pasquill((1967) : J. of Atmos. Environ.) to obtain the length-
scale:

1l 03/6

where o is the standard deviation of the vertical velocity fluctuations.
(This relation is directly analagous to that given in Method C).

These values of 1 might then be investigated in terms of the local
wind profile in the light of possible forms for the generalised von Karman-
relationship tc decide which, if any, is satisfactory.

/References
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Boundary Loyow Profile by Blackadar (1957).
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_A_scheme for nseding Mo Boundary Layer mls a Large-Scale Model based on fab
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