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Introduction

Numerous writers in Amerdica have suggested that the changes in the
atmospheric flow in the middle troposphere can be treated as though the
atmosphere was a barotropic fluid, i.e, a fluid in which pressure is a
function of density alone, Recently Charney and Eliassen (1) have given a
numerical method of computing changes caused by small perturbations super=
imposed on a uniform zonal current, The treatment is essentially one
dimensional and was regarded by the authors as a preliminary study to an
attack on the more general two-dimensionel problem, However, the authors
claimed that the one-dimensional method could produce results in forecasting
comparsble with existing techniques and it was considered worth examination
in ‘the Forecast Research Division at Dunstable, e

The present report records the first results of such an examination,
A summary of the theoretical basis of the original paper is given so that
reference to the original is not €ssential, Charney's method has been
applied daily to the 0300 G.M,T. 500 nmb, profiles along latitudes 45° North
and 60° North for the month of November, 1949, and the results compared
with forecasts produced by other methods. An attempt has been made to
formulate certain objective rules which would specify the regions in which
Charney's method would probably give an erroneous result.

“
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The one-dimensionsl method depends upon several assumptions, the main
ones being as follows:- :

1. The existence of an equivalent barotropic level at approximately 500 mbse
2, Tat thé motion can be considered as consisting of small perturbations
superimposed upon a zonal current constant with respect to time and

longitude.

2% The height perturbation is. assumed to have a sine dependency on the
North~South comordinate, 5

Charney commences his theoretical approach by starting with the well-

known Rossby vorticity equation which relates changes of vorticity to the
divergence in a horizontal layer of the atmosphere,

L Eteer) v E{30w s R} = O e (1)
where : :
'S’ = vertical vorticity oomponen_t relative to the earth.“

f = Coriolis parameters

Ge 26930@/01@/6/50/1.0



-2 - “'

u = component of velocity in x direction (east).

<
i

component of velocity in y direction (north).

density.

©
I

Charney averages this equation in the vertical direction with respect to
pressure throughout the atmosphere, and utilising the tendency equation,
obtains ' ' 1,

%_t.(f +3) = £2 - %W B e

Po
where the bar denotes average value
subscript "o" denotes surface values

P = préssure

e
it

_temperature

-t
oy
l

.I%a. ..y :.where R = Specific gas constant,

: vertical velocity component.

=
1

~*¢ Charney assumes that the shape of the streamlines is the .same at all levels
‘and that the increase of wind with height is similar along all verticals, The
velocity field can then be written, ;

aE 'ﬁ'(‘x',y,ty) ALY e s eI R e (s

and (2) becomes

o § . oty Dt P ‘ P
5% 4 (u-&- + V-a—y) (f +A25) = _P_o 5? .I._I.. Wo unnnonn(h—)

There must be a certain level p = P, where u = 4, v = ¥, 7§ =9
and at this level (4) becomes

a% d ) “r : £ op £

+ (o + v&)(f + X S Ot i it W, essvecnes (5
) (ax ay)_( 2 4 p, T B . (5)
In a barotropic fluid A(p) =1, and A% = 5 ' so that equation (5)

(with A2 = 1) holds at all levels, and can be interpreted as indicating that a
level p = P exists at which the motion of the baroclinic atmosphere corresponds
to the motion of an equivalent barotropic atmosphere, This level is defined
as the "equivalent barotropic level" end for convenience is taken as being

500 mbs; although Charney (2) has stated that the value lies between 550 and

600 mbs,, and a proper value for A2 in the Atmosphere is 5/k.

In order that equation (5) should imply the existence of an equivalent

barotropic atmosphere, it is necessary to approximate P to 1, It has been
shown in reference (35 that replacing assumption (3) by the more general
assumption. )

u = By Blphu! » v = ¥ + B(p)v" eescreee (6)
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u! = thermal wind component in x direction per unit thickness, A2 will

normally vary between 1 and L4/3, but although locelly P may increase to

as much as 2, on those occasions %E_ will be small,

The results obtained by Charney would seem to justify this approximation

4

of A= = 1, and the consequent existence of an equivalent barotropic level,
even though on theoretical grounds the approximation does in certain cases
seem to be rather coarse.

Introducing the geostrophic approximation into the vorticity equation
(5), considering small perturbations on a constant zonsl current U, and
taking into account the effect of topography and, friction, Charney obtains
the following linear differential equation,

('g? + U%;, + WF) (%{2(% - m?z) + Bg.% - "?\’%—E "= Q\zl%g & e 50T

wheye the unsuffixed variable now refers to the 500 mb, level,

U = gzonal current,

Ho= U /u where suffix g, refers to top of friction layer, -
(o]

sin 2a

V2

L=

=

o = angle between isobars .and the surface wind.

=]
ft

eddy diffusivity,

2z = height of 500 mb, surface,

A = ==

h(x) = mountain profile along latitude circle in question

A sine variation of the z perturbation with y has been assumed, given

by
%2 . - A
X
In the computations the units used were x in radians of longitude, t
in days, This gives
B = Lx cos®d
A2 3 2,5 sin®2f

/ Comparison
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Compar:.son of observed and computed stationary wavelengths over oceans suggested

that m? was approximately 15 , but the value of m? does not make a vital
difference to the computations,

Tntegration of (7) by Fourier Analysis gives

z(x + Ut,t) :
BN 2%

= z(x,0) ‘+ [ z(ay0) Iag(x - ast) do + p)\.’jo h(va‘) J(x = a,t) Ao eeee (9)

where

Iaa(x:t)

L

2%

 {omEBE,) - 1} emine) el )

8 éMa

J(xst) 9, -'.;t. L{exp(inUt) - gxp(nl?b: )} —’%’1—-5)- (U-)

2 8 el

a°=m3+7»2 : vibie s B XAl

By com'putlng functions I and J, Charney showed that for t = 1 day

J is small compared with I and can be neglected, Also, it is p0551ble to
take a limited influence region for the summation of I, This is apparent
from graphing I with respect to x., = Equation (9) then becomes

+X,

z(x + Ub,t) = z(xs;0) + fz(o.,o) Iag(x-c,,t) da (12)
X=X,

a® = m? + A2 and was taken % I8

For a one day forecast

+X
2

z(x + Upl) = z(x0) + [‘ z(a,0) I,B(x - ayl) da (13)

X-11

Charney (2) has calculated and tabulated the function Ijg .

+X,
f(z(u,o) I|8(x - ayl) da

X-x1

can be evaluated by Simpson's Rule from the observed initial profile
z(x,0) taking intervals of 10° longitude.

For latitude 45° North, values of Ijg(x,l) are given in reference (2).
These values are reproduced in Table I, In obtaining these values b is taken
as 7. Taking x; = 80, X, = +40, and integrating (13) by Simpson's Rule,
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-5 =

z(x + Uyl)

i

8
z(x,0) + ZAN z(x + I0N,0)
=

n

7
z(xy0) + ; Ay z(x + fON,o)

as Ag and A are negligible, Coefficients Ay are given in table LS

For latitude 60° North, values of Ilg(x,l) were computed for a value of

b = 4.5, (On the month's charts considered, a more accurate value would have
been b = 4). In the expression I ,2(x,t) in (10)b only occurs in a product

term containing t. Values for Ilg(x,t) are tabulated in the Journal of
Meteorology for b= 7, t = 1, 2, 3....7., .As a value for 138 for b = 4.5,
t = 1, was required, the values of Ilg(x,t) given for bt = 7, 14, 21....49

were interpolatéd by means of Newton's forward difference folrmula to obtain
Ilg(x,t) for bt = 4,5, In the interpolation use was made of the identity

I18(x,0) & o. These values are tabulated in Table A

Integration by Simpson!ssRule was again carried out taking x = 60,
Xa = +40 giving ‘
6

z(xs0) + ZE: By z(x + I0N,0)

6
z(xj0) + Z By z(x + I0N,0)

z(x +.Uyl)

n

as coefficients Bg and B;h.are negligible, Coefficients BN are given in
Teble II, ; e

Table I
b=7 b= b5
{

x I7g(x,1) Irg(x,1) I1g(x,1) T18(=x,1)

0o =y 301 1.999 -3,02 155
100 ~1,506 1,239 -.94 .86
200 0,529 O 7T ~45 .50
300 -0, 167 0014-57 =15 =
ll-oo "'Oo Ol‘—8 Oo 275 e 06 . 17
50° ~0,016 0,161 =,02 .09
60° 0,002 0.091 .00 0L
700 ~0,003 0.0Sg .00 "85
800 0,003 0,02 .00 :
900 -0, 001 0.020 .00 .01
1000 0,001 0,008 .00 .00
1100 0,001 0.007 .00 .01
1200 -0,002 0,00k .00 .88
1300 0.002 0,001 . .00 s
1400 0,002 0,003 .00 00
1500 0,002 =04002 .00 .00
1609 ~0,001 0,002 .00 .00
170° 0,001 ~0,001 .00 .00

/ Table II
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Teble II
N A% . By
-3 -,039 ! -,035
-2 -,062 -.052
=l i -0351 "'o219
0 -, 134 -,086
1 b ety . 200
2 091 058
3 106 063
L .032. .020
5 .038 - .021
6 S ONAT s wel,
7 013

¥These coefficients are slightly different from those published in Telus Vol.l

I&Ios. 2, but are based on figures given in the more complete table in reference
2)e

Method of Investigation

The practical application of the forecast formula is a simple mechanical
process, which is described in Appendix I, The formula was first applied to
the 500 mb, profiles along latitude 459 North for the 0300 G.M,T, charts of
November 1949, The forecast change in the profile was plotted on a graph,
and compared with the actual change.  Also plotted on the graph were the
changes forecast by Forecast Division Dunstable on their routine 500 mb,
prontours over the range from 350 West to 35° East, The forecast thickness
lines for the first days of the Research Division "four day forecasts" were
gridded with the actual 1,000 mb, contours for the appropriate day, and the
results also plotted, From the results obtained it was found possible to
meke certain objective rules which specify the synoptic regions in which
Charney's formula will not give a reasonably good forecast.

The formula was then applied to the 500 mb, profile along latitude 60°
North for the same month's charts, and the results again compared with the
Forecast Division's prontours,

Before the numerical forecast changes were examined, the objective rules were
applied to specify those arcas where an accurate forecast was not expected,

Summary of Results
The results for latitude 450 North were first analysed. A comparison
was made between the numerical forecast change and the actual change (See
Table IIT line 1), The following notation was used:-
A, Good agreement over the whole range.
B. Good agreement over most of range.
BC., Good agreement over about half of the range
C. ‘Poor agreement over most of the range
D, Poor agreement over whole range.
Good agreement was taken as meaning a difference of 200 feet or less.
Secondly, o comparison was made of the difference between the numerical
forecast chenge and the actual change, and the difference between the Forecast

Division's forecast and the actual change (Sce Table IIT line 2) The
following notation was useds= , ; -
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A, The numerical method better than Forecast Division over whole range.
B, The numerical method better than Forecast Division over most of range,

BC. Little to choose between the numerical results and Forecast Division's
results,

C. Forecast Division better than the numericael method over most of range,
D. Forecast Division better than the numerical method over whole ranges

Thirdly a comparison was made between the results obtained by the numerical
method and the results obtained by utilising the "pre~thickness" pattern produced
on the first days of the "four day" forecast produced in the Research Division
at Dunstable (See Table III line 3). These were classified using the notation
described for comparing the numerical forecast with the Forecast Division's
forecast, It must be remembered, however, that no attempt had been made in the
Research Division's Experimental forecasts to forecast the actual contours.

Table III
Comparison A B BO| 0 D
Charney's forecast change and actual change L Rl A ol B 3
Charney's forecast change and Forecast Divisions
forecast change. 2 4 9 9 2
Charney's forecast change and "pre-thickness"
forecast change. . it 4 2 ey il

Charney'§ method gave a reasonably accurate forecast at about half the
positions for which the computatiors were carried out, although the correlation
coefficients for the forecast changes and the actual chenges was only ,34.

The coérrelation coefficient between the actual change and the forecast change
obtained by assuming an eastward displacement of the pressure profile
equivalent to one day's zonal flow was ,27. Thus the more elaborate features
in the theory do improve the forecast appreciably.

Nearly all the cases wher the numerical method gave an error greater than
200 f't, occurred when one of the following criteria applied, each of which
meant that Charney's original assumptions were not fulfilled, In the first
3 cases the error in the forecast is generally displaced downstream a distance
equivalent to one day's zonal flow,

1, The presence of a closed circulation in the 500 mb, contour pattern during
forecast period.,

2, A trough or ridge in the 500 mb, contour pattern whose axis is inclined
- at an appreciable angle to the meridian, or a U shaped trough or ridge
whose axis is parallel to a maridian, but with strong meridional flow

aleng its sides,

3. A flat area of insignificant pattern in the 500 mb, contour patterns.

L. A strong thermal field with surface isobars at right angles to it (generally
'wave depressions on an active front),

The closed circulation in the 500 mb, pattern usually has a fairly local
effect, and elsewhere along the latitude circle the results are good unless any
other factors are present to cause further discrepancies, The presence of a
closed circulation means that the motion can no longer be regarded as a small

/ perturbation
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perturbation on a constant zonal current, and that there is not a sine
dependency on the y (Nort;h~South) co~ordinate, The forecast for 0300Z on
3rd November, 1949, based on the 0300Z chart on 2nd November, 1949, shows the
discrepancies due to a closed circulation. (See figs, la, 2a, 2b).

Tn the case of the trough or ridge in the 500 mb, pattern whose axis is
inclined to the meridian, once again the effect is also usually relatively
local, The motion can no longer be regarded as a small perturbation on
constant West~East zonal currents, and in a large number of cases there will be
an East-West rather than West-East component of the actual motion, There is
also no sine dependency on the y co-ordinate of the height perturbation, A
U-shaped trough or ridge with strong meridional flow along its sides also
cannot be regarded as a small perturbation on a West=East zonal current, and
again there is no sine dependency on the y co-ordinate, The forecast for
0300Z on 9th November, 1949, shows a good example of the discrepancies due to
an upper trough whose axis is inclined to a meridian, Here the discrepancy in
the forecast is about 15 degrees of longitude further East than the axis of the
quasi-stationary trough (See figs. 1b, 3a, 3b),

A flat area of insignificant pattern means that the actual zonal flow in
that area is very much less than the average flow over the hemisphere, (See
figs. 1lc, 4a, 4b).

The main errors from 20th November to 25th November, 1949, over the
Atlantic were caused by the meridional advection of a strong W-E thermal field
on the North side of a frontal belt lying parallel to the 450 North latitudes
This advection took place near developing waves on the fronts and did not
cause a big distortion in the sinusoidal patterti, but rather a general. increase
(or decrease) in the 500 mb, level over a wide areas (See figs. 1d, 5a, 5by
5¢c, 5d)s Charney's method assumes the shape of the streamlines in approximately
the same at all levels, and that the increase of wind with height is similar
along all verticals. This is certainly not the case here. (See reference (3))s

A correlation coefficient was computed for the Forecast Division's
forecast change and the actual change, and compared with a similar correlation
coefficient for the numerical method of the same range. ‘The correlation
coefficient was 48 for the Forecast Division's method and .37 for the numerical
method, but it must be remembered that in several of the:cases considered,
Charney's original assumptions were not fulfilled,

It was not possible to determine the actual number of independent
observations on which the correlation coefficients were based, as there is a
certain correlation between changes at neighbouring points along the profile,
and slso between changes on consecutive days, However, on the data examined,
the numerical forecast applied to a total of 500 points, and the Forecast
Division's forecast applied to a total of 300 points, Even allowing for a
degree of dependence of certain of the forecast changes upon each other, it
was estimated that the correlation coefficients obtained were still
significant, having an error of not greater than f,1 from the true value, By
exemining further data the correlation coefficients could be obtained more
sccurately, but whilst the present coefficients are not conclusive, it is
considered that they are significant, ‘

Before Charney's forecast formula was applied to the 500 mb, profile
along 60° North, the surface, 500 mb, and 1,000-500 mb, thickness charts were
carefully examined, and in accordesnce with the four criteria stated above,
~ certain points were specified as being regions where the numerical method was

not expected to apply. The correlation coefficient between the numerical
forecast change and the actual change for the whole range was ,37, whilst the
correlation coefficient for the points left after certain rcgions had been

excluded was .47,

/ When
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When the Forecast Division's prontours at 60° N were examined, the
correlation coefficient between the change they forecast, and the actual
change was ,56. This was increased to only ,59 when the points specified
above were left out, The correlation coefficient between the numerical
forecast change and the actual change for the points in the Forecast Division's
range after the points specified had been left out was .45,

Throughout the renge from 75° W to 85° E, it was found that 62% of the
the points were points where the numerical method could be expected to apply.
As during the month considered the main train was usually further south then
60° North , a higher percentage of points had to be left out than would be the
case if the method was applied to latitudes further south.

Conclusion

The results of the test show significant success but the standard
obtained is less than that achieved by conventional methods,

From the study of the month's charts it would seem that the assumptions
in Charmey's formula are too great for the formula to be applied as a routine

measure to all areas of the chart., However, by applying the formula to areas
of the chart which are not afflected by the following criteria:

1. A closed circulation in 500 mb, contour pattern,

2, A trough or ridge whose axis is inclined at an appreciable angle to the
meridian, or a U-shaped trough or ridge whose axis is parallel to the
meridian, but with a 'strong meridional flow along its sides,

3e A flat area of insignificant pattern in the contour patternm.

Lk, A strong thermal field with surface isobars at right angles to it,
one would expect a forecast which was almost as accurate as the
routine forecasts produced by conventional methods, Before
conclusive results about the relative accuracy of Charney's one-
dimensional method, and the conventional thickness method could be
obtained, further investigation would be necessary but it is considered
that on the results so far obtained the method deserves further study
both from the practical and theoretical aspects,

Acknowledgements

T wish to acknowledge the assistance given by Miss K, Dyson in carrying
out the computations involved in producing the report,

References

1. Charney J.G, and Eliassen A, A numerical method for predicting the
perturbations of the middle latitude westerlies, Tellus Volume 1,

No, 2, 1914-9; P'380 PR

2. Charney J.G., On a physical basis for numerical prediction of large
scale motions in the atmosphere, Journal of Meteorology Vol. 6,

No. 6, 1949, p.371.
3, Bushby, F.H. M.0.21 Technical Note No., lh.

G426930L/IMB/6/50/40




® 0

Ny 20 100 150
3 -.039 -2 - -6
2 e 062 AR g
-l =351 -17 =35 <53
0 =134 -7 =13 =20
1. 4,289 T
2 .091 5 g gk
3 .106 5 .11 a6
L .032 2 3 5
5 .038 2 L 6
6 .011 1 1 2
7 .013 1 1 2
N By 50 100 150
-5 ~=,035 e SR
-2 =052 3 5 <8
-1 =-,219 -1 =22 =33
0o =086 . =9 -3
1 «200 10202 30
2 .058 3 6 9
3 «063 & 6 9
L .020 1 2 3
5 .021 e | Ds
G4 269304/IMB/6/50/1.0

A g [

Table IV

Multiples of coefficients AN for latitudes 45° North (b = 7)

1050 1100 1150

220 30 350 40O 450 500 550 600 650 700 750 800 850 900 950 1000
<10 -12 14 -16 =18 20 21 =23 ~25 27 29 31 33 35
-6 =19 =22 =25 28 3l B4 37 A0 A3 47 50 53 56
—-88 =105 =123 -140 =158 <176 =193 -211 ~228 —246 —263 -281 ~298 <316
=33 40 47 <54 =60 ~67 -74 ~80 =87 94 -101 -107 ~1l1l 121
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Table V
Multiples of coefficients By for latitude 60° North (b = 4.5)
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~13 =16 =18 =21 23 =26 ~29 31 -3, -36 39 L2 4l 47
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TRAE e i s s
950 1000 1050 1100 1150
=33 =35 =37 =39 40
-9 =52 55 57 =60
208 =219 =230 =241 =252
-82 «86 90 =95 =99
190 200 210 220 230
55 58 61 ' 6h @ 67
60 63 66 69 2
19 - o0 i oo o8
20y L2000 LR A

1200



roducing a forecast profile for 0300Z on 9/11/L9, (See Fig,lb)

x = =120 -110 <100 =0 =80 =0 =60 =50 =0 =30 =0 =10 0 10 220 30 L0 50 60 70 8 9 100 10 120
.ﬂmrop..HmmoowmmSHmmmo@_morm:mbmﬂmoopmmoﬁ@%wmﬁwogmmopmmmopmm8HmwmoﬁmoopﬁmopmuooHmmooHmwooumnbmwmmooEpoowmmSE.momeopmSo

z{x,0) = 18000 200 600 550 450 200 =100 =250 =150 150 550 850 600 150 <400 =250 500 800 700 500 200 100 500 450 150 9
&5 ) 8 23 21 8 8 L 10 6 =6 =2 =33 =23 =6 16 10
A, = =062 37 =3, =28 =12 6 16 9 Mgl SO o0 el N Rl e el
A, = =351 =193 feXhE =0 55 oS i o T L e VR O R U 88 =176 -281
A = =13 =60 ~27 13 33 20 =20 gl =1 1) e0, e Fr ety 33 =67 =107 =9k
A1 = o289 58 w29 emz «3 45 159 G610 L3 SRS oWip S 2 e 1S
Ay = L0091 e o o e o VS 1 BO - w58 VIR Rl o R S e e
As = G106 27 =26..'36- 58 9064 A6 . WP iegy - BRSO lS g TS ap gy
Ay, = 0% o 528 oy g 5 w3 el 3826 o8 3G 6 .36
Ag = L038 6 21 32 23 6 +«15 7 19 30 27 19 8 L 19 17
Ag = L0 6 9 7 e 5 3 8 5 2 1 5 3 2
A = 013 R e R o e G L s St e L
Positive 18531 18243 17988 17942 18172 18535 18901 19080 18704 1826l 17828 1827 18982 19129 18919
Negative =339 =310 =205 =78 «15 =38 =149 =366 =48l =L =195 =32 =73 =283 -4,06
F/Cz(x+17,1) 18192 17933 17783 1786l 18157 18497 18752 1871k 18223 17820 17633 18215 18909 18846 18513
. U (zonal current) = 17° long, per day.
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Appendix One

Method of Tebulation

It was found convenient to represent negative values in red and positive
values in blue ink, and to use "vertically ruled paper"., The simplest
method of tabulation is as follows:=

1, Write horizontally along the top row the values of x (longitude) at 10°
intervals, beginning with value x = =120 (120° W), and ending with the
value x = +120,

2, Write horizontally along 2nd row the velues of z (x,0) along the
appropriate latitude circle at 100 intervals from x =-120 to x = +120,

3. Write horizontally along 3rd row the values z (x,0) = 18,000 under the
appropriate longitude,

4, Commencing on the 4th row and to the left of the previous 3 rows, write
the values of Ay for N = =3 to N = 47 vertically beneath each other

(For latitude 60° North use coefficients By for N = =3 to N = +5).

5. Commencing with the value (Z (~120,0) = 18,000), multiply it by A.z, and
place the result in the row A-3’ colum x = =90,

Next with the value (z (~110,0) = 18,000), multiply it first by A_z»
placing result in row A~3’ colum x = =80, Then multiply

(z (~110,0) = 18,000) by A.p, placing result diagonally downwards and

to the left of previous result, Continue with value (z (~100,0) =
18,000), multiplying in turn by A s A s Ay, placing first result in

row A_3 colum x = =70 and subsequent results diagonally downwards
to the left,

Continue until table is complete,

6. Add each colum, including the value of z(x,0) but not value of
(z(x,0) = 18,000), This gives forecast value of z(x + U, 1),

As Northern Hemisphere charts were used, (scale 1:30,000,000) it was
only possible to measure z to the nearest 50 feet, In carrying out
"operation 5" above, it was found convenient to use a table of multiples of
coefficients Ay and By at intervels of 50 from O to 1200, These tables are
given as tables IV and V,

A worked example is shown in table VI, forecasting the 500 mb, profile
along latitude 45° North for 0300 G.,M,T, on November 9th, 1949, using data
from the corresponding chart one day earlier, With practice, a competent
assistant should be able to work out a forecast profile along one line of
latitude from 70° W to 70° E in 20 minutes,

The zonal current was obtained by measuring zonal indices on the 500 mb,
chart on which the forecast was based for the half hemisphere from 120° W to
60° E, The zone 35° North to 55° North was taken to obtain the zonal current
for 45° North, and the zone 55° North to 70° North was used to obtain the
zonal current at 60° North., If the method were being applicd in a forecasting
office, this may not be practicable but as the zonal current is fairly
conservative the error in using “the previous day's value would not be very
great,

G.269304(a)/3MB/6/50/40
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Fig k&) One day changes from 030chG.MT on 2nd. November 1949,
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Fig ). One day changes from 030ch GMT on 28% November, 1949.
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Figl. Actual and forecast one day changes of some soomb profiles.
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