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PREFACE

The Handbook of Weather Forecasting was written mainly for distribution with=
in the Meteorological Office to provide forecasters with a comprehensive and up-
to-date reference book on techniques of forecasting and closely related aspects of
meteorology. The work, which appeared originally as twenty separate chapters, is
now re-issued in three volumes in loose-leaf form to facilitate revision.

Certain amendments of an essential nature have been incorporated in this
edition but, in some chapters, temperature values still appear in degrees Fahrene
heit. These will be changed to degrees Celsius when the chapters concerned are
completely revised. 5
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CHAPTER 19
CONDENSATION TRATILS
19.1. INTRODUCTION

When an aircraft leaves a visible trail behind it, both position and
heading of the aircraft may be revealed to observers on the ground.
Knowledge concerning the conditions in which trails are likely to occur,
and if and how they can be avoided, is clearly important for military
purposes so long as visual observations continue to supplement radar in
any system of aircraft detection. The physics of aircraft trails have
been extensively studied from about 1941 onwards. There are two types
of trail, which may be referred to as "aerodynamic" and "exhaust"

trails respectively. Aerodynamic trails are formed by adiabatic reduc-
tion of temperature to below dew-point in the vorti ¢S which,are shed
from the tips of the propellers and wings (Richards , Parker”). They
are infrequent, faint and ephemeral and usually occur in moist airj

they have been observed not only in flight but even before the aircraft
has left the ground. As they do not present any operational or fore-
casting problem, it will be unnecessary to make any further reference

to them in this chapter. Exhaust trails commonly form in the upper
troposphere or stratosphere and are often long and persistent. They
arise from condensation of water vapour in the exhaust gases after mixing
with ambient air, but no completely satisfactory theory of their forma-
tion and persistence has yet been published and current methods of fore-
casting their occurrence are largely empirical. A summary of theoreti-
cal work on exhaust trails is given below, followed by an account of
forecasting methods.

19.2. CRITICAL TEMPERATURES FOR SATURATION OF THE TRAIL

19.2.1. Physical theory

Combustion of hydrocarbon fuel in the engine results in heat and
water vapour passing out with the exhaust gases and mixing with the
ambient air in the wake of the aircraft. The added water vapour tends
to increase the relative humidity in the wake above the ambient value,
the heat tends to decrease it, which effect is dominant depending on
the characteristics of the aircraft and engine as well as on the atmos-
pheric conditions. It is evident that a necessary condition for a
cloud trail to form behind the aircraft is that the mixture of ambient
air and exhaust gas in the wake should attain saturation at the enhanced
temperature. Consideration of the conditions in which this is just
possible leads at any level to a critical temperature above which trail
formation cannot take place, subject to the assumptions made.

Atmospheric conditions will be specified by the conventional symbols.
In addition, certain aircraft and engine characteristics and some other
variables will be denoted by the symbols listed below, Units are in the
C.g.8. system unless otherwise stated, the unit of heat being the
calorie,

*The superscript figures refer to the bibliography at the end of this
chapter.
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A cross-sectional area of the trail

C heat produced by combustion of one gm. fuel
F rate of consumption of fuel (gm. sec.-1)

m mass ratio of ambient air to exhaust gases

m mass ratio of ambient air to combustion products in the
exhaust gases

M mass flow of air through engine (gm. sec.—1)

P proportion of heat of combustion of fuel which passes
into the trail

V  airspeed of the aircraft

W mass of water vapour produced by combustion of one gram
of fuel

X rate at which vapour is condensed in the trail (gm. sec.-1)

It is assumed that the heat and water vapour from the exhaust are
mixed uniformly with the ambient air throughout the cross-section of
the wake at a short distance behind the engine. The heating effect on
the air in the wake due to the combustion of F gm.fuel together with con-
densation of X gm.,water is given by

C,pAVOT = PCF + LX PR Y

where ST is the increase of temperature, Cp is the local specific
heat at constant pressure, L is the latent heat of condensation to
water or sublimation to ice, whichever is relevant. Since the com-
position of the wake consists predominantly of ambient air and since
at heights important in the contrail problem the water content of the
ambient air is small, C, on the,wake may be taken to have the value
for dry air (0.24 cal. gm. °C”"). If the ambient air has relative
humidity U per cent, then the conservation of water is expressed by:-
WF+M=X+EM SR 0
100p 4
where the left-hand side includes the water vapour introduced per
second by the exhaust gases and entrained ambient air, and the right-
hand side includes the condensed vapour together with the vapour con-
tained in the now saturated wake at its enhanced temperature; e, e+d e
are the saturation vapour pressures at temperatures T, T +8 T respec—
tively; E is the ratio of the molecular weights of water and of dry
air. If entrainment of ambient air has proceeded far enough for &6 T
and therefore 6 ¢ to be regarded as small compared with T and e
respectively, then these two equations together yield an expression for
de/dT which can be eliminated by means of the Clausius-Clapeyron
equation,
de JeEL

T T RE s

where J is the mechanical equivalent of heat and R the gas constant.
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Thence is obtained an expression for the rate of condensation of vapour
per second in the form

E*e J L? Ee U E*eJLPCF
l4 —— )X =WF - le— VAV =
RpC, T RT 100 RpCpT’ o ey
For a condensation trail to be possible, X must exceed zero and the
right-hand side of (4) must be positive. The most favourable case for
this occurs when the ambient air is just saturated (the possibility of

supersaturation being excluded for the present) so that the critical
temperature 7T _ for trail formation is given by the limiting condition

E’eJLPC
2
RpC, T,

B2 J\"%/PC\"%/eL\"
whence /i =< > ( > < >
RC, W ? ()

in which the first factor contains only physical constants, the second
depends on characteristics of the aircraft and fuel, and the third on
meteorological conditions. By differentiation of equation (4) it may
be shown that if the wake is saturated then dX/dT is negative, so that
if the ambient temperature exceeds T_., there can be no condensed
water and no cloud trail. The temperature 7T_ was at one time called
the "immunity" temperature; it is the basis of the "Mintra" line
shown on the Meteorological Office tephigram forms 2810 and 28104
(1956 Edition).

W =

The above treatment follows that given in M.O.A793 and by Briggsh;
it leads to a simple formula for computing the critical temperature,
since the latter refers in practice to a part of the trail where con-
siderable mixing has taken place. If however it is required to dis-
cuss conditions nearer the engine where temperature may be much in
excess of the ambient temperature, then some other method must be used
(see for example sections 19550y 19.3:55).

The critical temperature so defined is independent of the cross-—
section of the trail, of the fuel consumption and of the speed of the
aircraft; it varies, on the other hand, with the type of fuel (through
C and W), with the design of the aircraft (through P), with the ambient
pressure and temperature (the latter through the saturation vapour
pressure), and with the saturation process according as this refers to
a surface of ice or water. if the7known valves of the physigal
congtants (E = 0.621,_q = 4,18 x 10 erg.cal. ', R = 2.87 x 10 erg.gn.”
°K ', C, = 0.2} cal.gm. °K ) are inserted, then (5) becomes

484<PC>%(eL>%
il g e

19.2.2. Aircraft and fuel characteristics

1

For the petrol ordinarily used for piston-engined aircraft, W is
about 1.4 and C about 10,570 cal.gm. . The proportion (P) of the heat
of combustion which finds its way, directly or indirectly, into the
trail, varies to a large extent with the type of aircraft. It is
stated3 that in a single-engined propeller aircraft with radiator,
engine and exhaust in line, the value of P is between about 100 and 75
per cent; at most only some 25 per cent of the fuel energy goes into
the propeller and even some of this mechanical energy is transformed
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back into heat and passes into the same trail as the exhaust. If the
radiator were greatly offset laterally from the exhaust it is conceivable
that conditions might approximate to P = 50 per cent, or even 25 per cent,
through much of the heat going off on a different track from the exhaust
gas. The published (1956) Mintra line is based on the piston-engined
Spitfire III aircraft, for which P is_.given as 77 pgr cent at 20,000 ft.
and 80 per cent at 40,000 ft. (Goldie5 or M.0.4797) It is further
assumed that the combustion of fuel is complete; on examlnation, the
effect on the Mintra or critical temperature of incomplete combustion
appears to be negligible, except momentarily from sudden variation in
mixture control. A consideration of various types shows that the diffe-
rences between conventional piston-engined aircraft do not affect the
critical temperatures by more than about 2°C.

For the kerosepe fuel used in jet aircraft, W és glven3 as 1.3 and C
as 10,280 cal. gm. , whence C/N is 7,910, Bannon gives W as 1.45 and
C as 9 800, whence C/W is 6,760; also for the Meteor IV jet he quotes
the value of P as 87 per cent at 20,000 ft., 86 per cent at 30,000 ft.,
84 per cent at 40,000 ft. and (by extrapolatlon) 81.5 per cent at
50,000 ft. The critical temperatures given for the Canberra, and by
Bannon for the Meteor IV, tend to be slightly lower than those for the
Spitfires but the difference is at most about 1°C.

In theoretical work, the valuﬁ of-'B foz jet aircraft is commonly
taken as 100 per cent, and C as 10" cal. gm. , but there is no essential
difficulty in changing to other values if required.

19.2.3. Condensation processes

The critical temperature given by equation (6) differs according to
the nature of the condensation of vapour in the trail. Water vapour
either changes phase directly to ice in a trail maintained saturated with
respect to ice, or it condenses to water in a trail saturated with respect
to water. Since the saturation vapour pressure over water is substan-
tially greater than that over ice at low temperatures, the critical tem-
perature is lower for water saturation than for ice saturation, the
diffcrence increasing from 2°C, at low levels to 4°C. at high levels
(Table 19.1). Deposition to ice has been thought to require the presence
of depositlo? nuclei, but it is now doubtful whether these exist. In
recent tests' with a jet engine, no such nuclei were found in the exhaust
gases, although it is suggested that there may have been some present
which were rendered ineffective by other constituents. Bvidence for the
existence of water drops in the early stages of a trail comes from
observations of ice accretion on parts of an aircraft immersed in its gwn
condensa§1on trail, and fram observations of coronae in trails (Dobson ,
Aanensen Experiments =~ on non-persistent trails produced in a
laboratory indicate that they often do not glaciate in these conditions,
even at temperatures several degrees below -40°C, Persistent trails, on
the other hand, probably consist of ice crystals in most if not in all
cases, the presence ?f which ?@s been indicated by reports of mock suns in
the trails (Hancock , Botley e Even when ice cyrstals are present, it
is nevertheless considered that the initial change of phase is one of con-
densation to water drops, and that freezing takes place subsequently.

The critical temperature for initiation of trails should therefore be re-
lated to the initial attainment of saturation with respect to water in
the mixture of exhaust gases and ambient air.
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19.2.4. Computed critical temperatures

Table 19.1 gives values of critical temperatures computed from
equation (6) for the pressure levels shown in column 1.

TABLE 19.1 CRITICAL TEMPERATURES (°K.)

Pressure Piston aircraft Jet aircraft
(mb) Ice Water Ice Water
(1) (2) (3) (4) (5)
1000 250 248 246 ZINN
900 248 247 24, 242
800 247 245 243 241
700 245 243 242 239
600 243 241 240 238
500 241 239 238 236
400 239 236 236 233
300 236 233 233 230
200 232 228 230 226
150 229 225 227 223
100 225 (221) 223 (219)

50 219 (215) 217 (213)

(Figures in brackets are extrapolated)

The figgres in columns 2 and 3 are derived from the data given in
M.0.4797 for a piston-engined aircraft (Spitfire III): P being about

80 per cent bu? varying slightly with height, and C/W has the value

7550 cal. gm. . The figures in columns 4 and 5 are appropriate for a
jet_?ircraft and are based on a value of 100 per cent for P and 7690 cal.
gm. for C/W. For columns 2 and 4 the trail is assumed to form on
reaching saturation with respect to ice, while for columns 3 and 5
saturation with respect to water is required. Values of saturation
vapour pressure and l?gent heat were taken from the Smithsonian
Meteorological Tables ~. The figures in column 2 are in close agree-
ment with the temperatures indicated by the Mintra line on the tephigram
(Form 2810, 1956).

19.2.5. Note on terminology

The Mintra temperature as defined above is one above which trail
formation is unlikely at the level concerned. Subsequent work has
shown the need for revision of the values depicted by the Mintra line on
the 1956 tephigram or as given in Table 19,1, column 2, but in order to
avoid confusion, any revised values such as those given in columns 3 to 5
of Table 19.1 will be referred to in this chapter as "critical™ values,
the use of word Mintra being restricted to the original values. The term
"critical"™ will also be used on occasions to include the Mintra values and
at times also the "Drytra" values, the temperatures below which trail
formation necessarily occurs.

19.3. THE INITIATION OF VISIBLE TRAILS

19.3.1. Inadequacy of Mintra temperatures

The Mintra temperature, at any level as defined above, is such that
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condensation trails cannot ordinarily form at any higher ambient tempera-
ture. The converse, that contrails should form whenever the air
temperature is less than Mintra at the same level, is not true; experience
shows that the initiation of cloud trails is delayed until the temperature
is reduced by several degrees below the Mintra value. The main problem
regarding the initiation of trails is to predict the temperature at which
they will necessarily form in any given atmospheric conditions, but com-
plete success in this has not yet been achieved. The various difficul-
ties and relevant theories are reviewed in the following sections.

19.3.2. Conditions for a visible trail

The attainment of saturation in the trail, formed of exhaust gas
mixed with ambient air, is not of itself sufficient for the trail to be-
come visible; for this to be the case, condensed water or ice particles
must be present in a sufficient concentration. What the number of
particles must be in relation to their size has not been clearly demon-
strated, but it must depend on the conditions of viewing, including
illumination, background contrast, distance from the observer, acuity of
the observer's eyes and the constitution of the particles.

In most work the limiting condition for visibility is given simply
as the mass of condensed water or ice per unit volume. Goldie estimates
that a trail about 2Q feet in diameter is just visible with a concgntra-
tion of 0.02 gm. m. ”3 Applemansassumes arbitrarily 0.004 gm. m.; s Toxr
a "faint" trail and 0.01 gm. m. -~ for a "distinct" trail. Jones b
thinks these values are much too low and suggests that a reasonable
figure would be ?6 the order five to_gen times greater than Appleman's.
Pilié and Jiusto =~ find 0.004 gm. m. barely sufficient for visibili%y of
a water drop trail in laboratory conditions and suggest 0.055 gm. m. © as
a more realistic minimum value. Further, suppose water droplets are
formed initially but in insufficient numbers for a visible trailj on
freezing they begin to grow by deposition of ice and continue to do so
until the vapour pressure is reduced to saturation with respect to ice,
so that in this way the ice content may perhaps reach or exceed the
visibility threshold value. It follows that in certain circumstances
the formation of a visible trail is delayed until after the freezing of
the droplets has taken place, but the process is further complicated by
continued entrainment of ambient air in the meanwhile. Applggan, in
fact, finds that his minimum ice concentration of 0,01 gm. m. “ is quanti-
tatively satisfied if water saturation is first attained and if the excess
vapour, above that required for ice saturation, subsequently condenses

and freezes.

When other conditions such as illumination are satisfied, the
visibility of a trail depends on scattered reflection of light from the
constituent particles. If the concentration is small enough, all the
particles, in a tube along the line of sight, will contribute to the
scattered light which reaches the observer. A visibility1griterion baged
on the total number of particles has been derived by Frost “ and Briggs
in their work on the application of diffusion theory to condensation
trails. From consideration of the brightness of a water drop at
20,000 ft. under zenith sun, and its contrast with the brightness of the
sky, Frost obtains the formula

Ne 8.5 0 e S

for the minimum number of droplets of uniform radius r, in a tube of unit
cross-section, which will make the trail visible. For a trail of
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diameter 6 m. and drops of radius 10-5cm. this gives 1.4 drops per cubic
centimetre. On the other hand, Goldie's estimate, already mentioned,
indicates that for the same size of drops, a trail 20 feet in diameter is
Just visible when there are five drops per cubic centimetre. Part, at
least, of the difference between these two results can probably be attri-
buted to Frost's assumption of the most favourable conditions for
visibility.

It is not possible, with present knowledge, to make a firm recom-
mendation regarding the choice of a visibility criterion. When more
definite information becomes available it should be possible to
determine approximately the depression of ambient temperature below
Mintra at which a visible trail should occur, given reasonable conditions
of illumination. Meanwhile, observations of the ambient temperature at
which trails first form may be used to assess1£he concentration of the
liquid or solid particles in the trail (Jones ')

19.3.3. Critical temperatures for water saturation

The Mintra line printed on the tephigram Form 2810 (1956 Ed.) is
based on deposition to ice in the trail. It has been seen that if con-
densation in the trail is delayed until saturation with respect to water
is attained, then the visibility condition is likely to be satisfied as
soon as the droplets freeze, If the critical temperature is referred to
saturation with respect to water, there is a reduction of about 3°C. com—
pared with the ice liintra values (Table 19.1, columns 2 and 3; see also
Fig. 19.5); a further reduction of about 3°C. is obtained by taking By
the proportion of the heat of combustion going into the trail, as unity
for a jet aircraft, although this appears to be more a matter of
theoretical convenience than correspondence with the facts. In this
way, for any pressure level, a critical temperature is obtained which is
about 6°C. below the originally computed value and which is in closer,
but not yet complete, accord with observations. These critical tempera-
tures for water saturation are given in column 5 of Table 19'1'16 §7veral
sets of comparisons with observations are available. Appleman '’
obtains the same g itical temperatures by a graphical method; comparison
with observations =~ of trails wmade by United States jet aircraft showed
that of 1,784 occurrences, only four per cent occurred at temperatures
above the critical values; these observations are admittedly subject to
some uncertainty since they1gere made by crews of operational aircraft
on routine flights, Frost 7 gives a diagram in which the occurrences
of the first appearance of contrails are plotied against height and
temperature, using a series of observations made by the lieteorological
Research Flight in 1951-53 with piston-engined aircraft; only one
observation out of 52 falls on the wrong side of the critical line, which
agrees with Appleman's1§igures and with Table 19.1, column 5. Another
series of observations ” made by the Meteorological Research Flight with
jet aircraft is plotted in Figure 19.1 (see Section 19.6.1 for fuller
description). The critical line now under discussion corresponds with
the line 53°C. below Mintra, and it is seen that only one trail (out
of 180 occurrences) falls on the wrong side of this line. Nevertheless,
with all such sets of observations the great majority of trails do not
begin to form until the ambient temperature is reduced below this cri-
tical value by a further 3° to 6°C,
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FIGURE 19.1 IENGTH OF CANBERRA CONTRAILS FOR VARYING
TEMPERATURE AND HUMIDITY (HELLIWELL AND MACKENZIE'?, REVISED)

If the droplets which form on reaching saturation do not freeze
immediately, as supposed by Appleman and others, then the visibility con-
dition will not be satisfied at once; if the trail is to become visible
while the water is stié& liquid, then a certain minimum concentration must
be attained. Osterle =~ computed that Appleman's requirement of
0.01 gm. tn."3 results in lowering the critical temperature for saturation
by 3 to 4°C. at 30,000 ft. to 40,000 ft. A reduction of temperature of
this amount in a wind tunnel did not always result in a visible trail,
but lighting conditions had a pronounced effect. By daylight, the
water concentration was increased by a factor of nearly four without
necessarily producing a visible trail. From the observations of
Helliwell and MacKenzie (Section 19.6.1.) it is seen that trails appear
only when the temperzture is reduced to about 5°C. or 6°C. below the
critical value for saturation. This result would therefore be
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explicable if the trails first become visible while still in the liquid
state, and when the water concentration reaches a certain minigum
value which is probably substantially greater than 0.01 gm. m. ~. The
transition of the trail particles from water to ice is discussed in
section 19.4.

19.3.4. Further theory of jet exhaust trails

Taeoretical considerations have been carried a stage further by
Jones " who assumes knowledge of the physical state of the exhaust gases
as they leave the jet pipe. If ambient air of humidity mixing fatio

X gm. kg, passes through the engine at the rate of M gm. sec. , the
humidity mixing ratio of the exhaust air about to leave the jet pipe is
shown to be given by

W F (1000 + x) + M x

o m.kg.
T N EW_D (000 /1000 "

=

where F and W are as defined in Section 19.2.1. If the exhaust gas
is at temperature 7, and pressure pi then on emerging it immediately
expands adiabatically to the ambient pressure p and is cooled to a
temperature T, given by

Tite T1<p (Y =50y

P1

where y is the ratio of the specific heats of the exhaust gas; the
humidity mixing ratio meanwhile remains unchanged.,

The ﬁases leave, the exhaust pipe at a high speed v (of the order
of 5 x 10" cm. sec.” ) relative to the aircraft, and undergo consider-
able mixing with the ambient air during which both the thermal and
kinetic energy of the exhaust gas contribute heat to,the trail. If
one gram of exhaust gas moving at speed », cm. sec. relative to the
ambient air (», = v-V) mixes with m gm. of ambient air, then from
equations expressing the conservation of momentum and the loss of kinetic
energy as the speed of the exhaust gas is reduced to that of the ambient
air, it is found that the temperature of the mixture of air and exhaust
gas in the trail is raised by an amount

m v?

2](1+m)2CP

wherein C, for the trail is taken to be the same as that for dry air
since both burnt fuel and water vapour form only a small proportion of
the mixture. The result of mixing one gram of exhaust gas at
temperature 7, with m gm. of ambient air at temperature T, both being
at ambient pressure, is to give a temperature (T, + mT) /(1 + m)for the
mixture. Together with the contribution from the kinetic energy, this
gives the trail temperature in degrees Kelvin as

5 T{»+mT> <v,’> m
""<1+m g 2J¢, (T+m) s (8)

After some reduction and approximation, the humidity mixing ratio of
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the mixture is shown to be

1000 W F
x_ = + x
- l+m)(M+ F)—WF PR T ()]

in which the first term on the right depends (apart from m) only on engine
and fuel characteristics, and the second only on the ambient air.

The expressions (8) and (9) give the temperature and mixing ratio in
the trail so long as the trail remains unsaturated. Since T, defines the
saturation mixing ratio (with respect to water or ice) at the same tempe-
rature, two sets of curves can be drawn on the same diagram which show (i)
the variation with m of saturation mixing ratio in the trail, and (ii) the
values of x, for any selected value of ambient pressure, temperature and
bhumidity mixing ratio. The points of intersection of the two sets of
curves give the value of = (that is, the degree of entrainment) at which
the trail becomes saturated aund the corresponding saturation mixing ratio
within the trail. In particular, if the ambient air is saturated, a
critical ambient temperature will be defined, above which saturation of
the trail cannot be achieved; this would define the critical temperature
for the pressure level concerned.

As an example, Jones assumes for a hypothetical jet engine, (in

addition_jo the values already given above), T, = 600°K, iy~ 255 10h
cm. sec. &atlve to the ambient air, F = 230 gm. sec. ,
= 1.48 x 10" gm. sec. , and he gives a dlagram, reproduced as Fig. 19.2,

show1ng the sets of curves mentioned for 200 millibars. From a series
of such diagrams for different pressure levels, critical temperatures can
be obtained corresponding with initial saturation of the environment with
respect to ice or water, but the results have not yet been published.

Jones' equations do not include ab initio the effect of latent heat,
but he discusses this separately and an approximate allowance for it is
discussed; it appears that the trail temperature might be increased by
about 0.5°C. above the value previously calculated.

A table given by Jones for 200 millibars shows that, with the values
quoted above, the trail temperature exceeds the ambient temperature by
about 40°C. for an entrainment ratio m = 10, and by about 10°C. for

= 40, Also from equation (8) with m = 10, it is seen that the kinetic
effect contributes about 3°C. to the trail temperature. On leaving the
engine, the exhaust gases immediately start to mix rapidly with the am-
bient air, m reaching a value of 10 within a few feet of the jet outlet,
and a value of 20 to 30 within about 100 yards, but thereafter the
mixing increases more slowly. When the ambient temperature is near the
critical value, a large amount of mixing is required before a trail can
form and the trail temperature at that point is not much above the
ambient temperature. This explains why the method of Section 19.2 gives
results which agree with those of other methods in which the assumption
of a small excess temperature in the trail is not made. Similarly,
Jones' method is likely to lead to closely similar values for critical
temperatures (apart from a possible change in the visibility criterion).
As ambient temperature becomes more favourable, so trail formation takes
place with a smaller amount of mixing, in conformity with the observa-
tion that dense trails can form within a few feet of the exhaust pipe.

®
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19.3.5. Effect of ambient humidity

The Mintra temperature as originally determined is that temperature
above which a trail will not form even if the ambient air is already
saturated (although one may perhaps form if the ambient air is super-
saturated with respect to ice). 1In a similar way a "Drytra" temperature
may be defined as one below which trail formation must occur, even if the
ambient air is entirely devoid of moisture. Thus, at temperatures above
Mintra the heating effect of the exhaust gases is dominant, while at
temperatures below Drytra the effect of the added moisture is dominant.,
Between these two limits, corresponding with saturation and complete dry-
ness of the environment, trail formation may be expected to depend on the
relative humidity of the environment. Similar considerations apply
whether visible trail formation is supposed to take place immediately on
attainment of saturation in the trail, or only on reaching some minimum
concentration of condensation products. As may be seen from equation (h),
the critical temperature in general depends on the area of cross-section
(A) of the trail, or on the ratio of entrained ambient air to exhaust
gases.

Using a graphical method, Appleman16’17 compares the amount of
water available from the exhaust, and from the ambient air, with the
amount required t. saturate the trail at its enhanced temperature, or to
produce a specified excess. His equations are approximate in that they
omit the latent heat term given in equation (1), which has the result of
reducing to unity the coefficient of X in equation (4). Also, in place
of the area of cross-section of the trail, he uses the mass ratio (here
denoted by m') of entrained ambient air to combustion products in the
exhaust; this is equivalent to replacingpAvin equations (1) to (h) by
m'fF, where f is the number of grams of combustiom products added to the
wake for each gram of fuel burned (f = 12). In this way is obtained
the net amount of condensed water resulting from any specified ambient
pressure, temperature and humidity, and mass ratio m'; a negative amount
means that the trail is unsaturated. From diagrams, the ambient tempera-
ture at which the trail just reaches saturation with respect to water (a
condition which, as seen above, is taken to satisfy the visibility
criterion) can be obtained, and this information is represented by the
solid lines in diagrams such as Figure 19.3. This shows, for example,
that at 200 millibars with ambient temperature -58°C. and 60 per cent
relative humidity, trail formation will first occur when the entrainment
ratio reaches 175, and the vapour pressure is not reduced again below
saturation until the entrainment ratio is nearly 3000. If the ambient
temperature were -52°C., then a trail would only just be able to form at
m' = 500, so that -52°C. is the maximum temperature for trail formation
to be possible at the given pressure and humidity. By this method
Appleman obtains the diagram reproduced as Figure 19.l4, which gives the
maximum temperature for trail formation for different ambient humiditiess
it can also be regarded as defining the minimum relative humidity of the
environment which will permit trail formation at any given ambient tempera-—
ture and pressure.

Several tests of the validity of this diagram have been made which
give some justification for the positions of the critical 100 per cent and
zero per cent relative humidity lines. The accuracy of the 100 per cent
line has already been discussed in Section 19.3.3. Table 19.2 now gives
a summary of an ana}gsis of trail observations made by the Air Weather
Service, Washington .
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TABLE 19.2 PERCENTAGE FREQUENCY OF 3271 OBSERVATIONS WITH AND
WITHOUT TRAILS IN RELATION TO APPLEMAN'S DIAGRAM

Temperature Trails No Trails Total
Above 100% value 26 A 30
Intermediate 26 25 51
Below 0% value 2 17 19

Total 54 L6 100
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All the observations were made by the crews of operational jet aircraft.
The table shows that the critical temperatures fulfil expectations for
all but a small proportion of the observations. When the ambient
temperature fell between these two values, a trail was as likely to form
as not; unfortunately no humidity observations were available with which
to check the theoretical expectations in this range.

In an analysis of observations made by2¥he Meteorological Research
Flight with piston-engined aircraft, Bannon = found only a "very rough"
correspondence between trail formation and ambient humidity as measured
by a frost-point hygrometer, and concluded that the formation of trails
and their persistence must be governed by factors other than humidity.
From g _later series of ascents by the Meteorological Research Flight,
Frost 5 confirmed that the first appearance of a trail bears no rela-
tionship to the humidity of the environment; this again refers to 19
piston-engined aircraft. For jet aircraft, Helliwell and MacKenzie
conclude that relative humidity has only secondary effects on trail pro-
duction. An expression due to Jones for the humidity mixing ratio in
an unsaturated trail has been given above as equation (9). With the
values there quoted, this equation reduces approximately to

20

X = + x
" 1l +m

At temperatures of, say, -50°C. or less, and pressure about 200 millibars,
x is at most 0.20 gm. kg. ' (corresponding with saturation over water) and
is usually considerably less. The ambient contribution to the mixing
ratio of the trail is therefore small in comparison with the contribution
20/(1 + m) from the exhaust unless m is large; moreover the relative
effect of the ambient contribution continues to decrease with the ambient
temperature. Observations and theory therefore agree in showing that
the ambient humidity is generally of secondary importance for the initial
formation of trails.

19.4. PERSISTENCE AND LENGTH OF EXHAUST TRAILS

In the previous section, the conditions in which a visible exhaust trail
can form have been discussed. It is now necessary to consider the
further history of a condensation trail, in particular its length and per-
sistence in relation to the state of the atmosphere. The main factors
which control persistence are: (i) the constitution of the trail -
water drops or ice particles, (ii) the temperature and humidity of the
environment, (iii) the rate of evaporation of the trail particles,

(iv) the degree of mixing between the exhaust gases and the environment
and (v) diffusion of the trail particles.

Persistence is a somewhat arbitrary term which has been variously
defined. If a trail terminates within, say, a minute it would probably
be described as ephemeral, or evanescent or at least non-persistent; if
it lasts several minutes or longer, it is likely to be regarded as
persistent.

Bannoné, in his analysis of ascents made by the Meteorological
Research Flight with piston-engined aircraft, remarks that the trails
usually dissipated within a few seconds, and he defines a persistent
trail as one which endures for at least two to three minutes. He found
that persistent trails occur with widely varying ambient humidities, al-
though there is some tendency for them to form in conditions moister than
average. He suggested that the degree of turbulence present in the
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ambient atmosphere might be important in determining persistence, but
records of bumpiness measured on the investigating aircraft did not
support this idea. Some theoretical work on the turbulent diffusion of
the trail particles h?g since been carried out and is described in
Section 19.5. Frost © on the other hand suggests, also in relation to
piston-engined aircraft, a duration in excess of about seven minutes for
persistent trails.

As already discussed in Section 19.2.3 it appears that condensation
in a trail begins only when the vapour pressure has reached saturation
with respect to water, and that water drops are formed in the first in-
stance. If these remain liquid they will evaporate more or less rapidly
according to the humidity and rate of entrainment of ambient air, which
is always unsaturated with respect to water except in a water—drop cloud.
Such trails will be generally non-persistent in character, although their
actual duration in time will vary to some extent with the circumstances.
If, on the other hand, the droplets freeze before they can evaporate, then
the ice particles grow further by deposition until the vapour pressure in
the trail is reduced to saturation with respect to ice, the trail at the
same time becoming optically denser. If the ambient air is unsaturated
with respect to ice, the ice particles will tend to evaporate with con-
tinued mixing; the duration of the trail will be limited although
greater than that for a purely water-drop trail, if only on account of
the greater density of the ice trail. If the ambient air is super-
saturated with respect to ice, then the trail persists indefinitely and the
ice particles continue to grow until they become large enough to fall out
as precipitation.

Whether the water drops freeze soon after their formation is there-
fore of first importance for the further life of the trail, and it has in
fact been generally assumed in the literature that a persistent trail is
composed of ice crystals, However, even a non-persistent trail made by
a fast aircraft can be long enough to be operationally important. Thus,
a trail of length one mile at 50,000 ft. would subtend an angle of six
degrees at the ground, although for a fast aircraft any one part of the
trail will have a duration of less than 10 seconds. For operational and
hence for forecasting purposes the length of the trail is surely of more
importance than its persistence, and when the duration is brief, the
change to ice crystals may not take place.

Appleman's diagrams, one of which is reproduced as Figure 19.3,
illustrate how, on his theory, the length of trail is related to the
degree of mixing between exhaust gas and environment. For example, if
the temperature and relative humidity at 200 millibars are -55°C. and
60 per cent respectively, a trail first forms where the mass ratio (m')
of ambient air to exhaust gas is 250. If freezing takes place, the trail
remains visible until the mass ratio reaches nearly 3000, given by the
point of intersection of the -55°C. ordinate with the broken curve for 60
per cent relgtive humidity, corresponding with an ice content of
0.01 gm. m, ©. Diagrams of this type give at present only a qualitative
idea of the length or persistence of trails, since the relationship be-
tween entrainment ratio and distance from the aircraft has not been de-
termined.

Joneas'“+ theory, like Appleman's, yields values of entrainment ratio
(m) between which a trail (or visible trail) will exist., (His m is the
mass ratio of entrained air to total exhaust, and so is smaller than
Appleman's). Thus, Figure 19.2, reproduced from Jones, shows, for
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example, that saturation of the trail with respect to water is achieved
with completely dry ambient air at a temperature of 220°K. and entrain-
ment ratio 25, and that the trail persists until the water content is
again reduced to saturation at an entrainment ratio of m = 71, or, if
freezing has taken place, until m = 166. With a suitable modification,
values of m can be found which mark the beginning and end of a visible
trail. Here, again, the result remains only qualitative as regards the
length of trail until this can be related to the entrainment ratio.

The relationship between trail diameter and entrainment is also dis-
cussed by Jones. From Figure 19.2 it is seen that saturation of a trail
(at 200 millibars) cannot be achieved until m has attained a value of
about 10, and the diameter of the trail is then about three times the
diameter of the jet orifice. The trail diameter increases only slowly
as mixing with ambient air proceeds, as shown by the following figures
obtained theoreticallys:

Trail diameter (D ) and entrainment ratio (m)
(ambient temperature 200°K.)

(Jet pipe diameter taken as unity)

m D
m
10 2.61
20 Saly il
30 15
40 LeTh
50 5.26
60 5.73
80 6.58
100 1232
1,000 22.8

19.5 APPLICATIONS OF THEORIES OF TURBULENT DIFFUSION

The passage of an aircraft, through the atmosphere, leaves immediately be-
hind it a wake in which the principal eddies are those set up by the air-
craft itself. The initial mixing of exhaust gas with ambient air takes
place in this wake and may lead to the formation of a visible trail.

Once the disturbance due to the aircraft has died down, the subsequent
history of the trail elements is governed, according to the theories

about to be described, mainly by the inherent turbulence of the free
atmosphere. This causes the particles to diffuse further away from the
axis of the trail until with their reduced concentration the trail is no
longer visible, or until the particles have evaporated. There is, how-
ever, no really suitable theory of turbulent diffusion in the wake or in
the free atmosphere, hence existing work has proceeded by applying formu-—
lae which have been developed to describe the effects of diffusion in the
shear layer near the ground. This procedure is unsatisfactory; but it
is worthwhile indicating very briefly the attempts so far made, if only to
bring out the kind of results that may be expected from this line of attack.

In an application to the region in whi?g turbulence is set up by the
passage of a piston-engined aircraft, Frost regards the condensation
elements in the trail as if they were diffused from a continuous point
source moving with the speed V of the aircraft, and takes the result to be
the same as that of diffusion from a fixed source into a turbulent medium
moving with mean speed V. By assuming further that a certain minimum
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number of droplets in a tube of unit cross-section along the line of sight
is required to render the trail visible (see Section 19.3.2), he obtains
an equation for the visible outline of a trail in the form

/4
1 (1+ m) 7hl 2 1 578
1+ m z GER% ogex B s

where x is distance behind the aircraft, z is distance from the axis of
the trail, / is the value of x for which the trail vanishes, C is a dif-
fusion constant and m a stability parameter (m = 1/7 correspon?ing with
neutral stability). It follows that the result 05 lotting 2z L m3
against log x should be a straight line of slope C /%1 + m) from which C
could be defermined in terms of m without any knowledge of the number or
size of the trail particles; this expectation was confirmed by observations
of a trail made by a Mosquito aircraft of the Meteorological Research
Flight, and the value found for C was in reasonable agreement with that
derived from certain observations of smoke puffs. By differentiation of
(10) with respect to x, the trail width is found to be a maximum when

x = 1/2.7, that is, at about 3/8 of its length, which is in fair agree-
ment with observations of short non-persistent trails. The length of
the turbulent wake to which the preceding theory applies is of the order
of 250 metres, and if the turbulence in the wake is sufficient to dissi-
pate the trail before this length is attained, then only non-persistent
trails can be formed. This leads }o a necessary condition for persistent
trails, namely, X/V'>0.005 gm. cm. ', the notation being that given in
Section 19.2.13 in other words, the rate of condensation per unit length
of trail must exceed a certain value. In an appendix to that paper,
certain formulae are derived for trails formed by a jet aircraft.

In a paper by Briggsh, it is assumed that for jet aircraft the
initial mixing behind the aircraft is rapidly completed and that there-
after the trail particles are subject only to undisturbed atmospheric
diffusion; because of the high aircraft speed it is suggested that the
problem should be treated as one of diffusion of droplets produced in-
stantaneously along a line. After the application of a visibility cri-
terion on the lines of Frost, an equation for the visible outline of a
trail is obtained in the form

% x 2/(1 + m) ]
lQ+mw2 = ¢ <—-——-> log ,— 4

vV x A (1 81 )
which introduces the mean wind speed W Briggs also deduces a formula
for the critical temperature for visible trails to persist for at least
10 secs.; this formula is dependent on wind speed and it is deduced
that trails can persist for 10 secs., only if the mean wind is less than
about 75 knots. This result has not been confirmed; it would seem to
require that the mean wind speed should be a measure of the vertical
shear which in turn is related to the intensity of turbulence.

The formula for diggusion from an instantaneous line source has also
been applied by Clodman™ to the dissipation of trails; in addition to
the usual parameters, consideration is given to the height of tropopause,
lapse rate of temperature, wind shear and curvature of the stream-lines.
This emphasizes the complexity of the problem. As with the work des-—
cribed above on the diffusion aspect, there remains some doubt regarding
the applicability of the basic formulae and, on the whole, little
confidence can be based on the theoretical results unless, and until,
they have been fully substantiated by comparison with observations.

19.6. FORECASTING CONDENSATION TRAILS

The theoretical work discussed above has had one or more of the following
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objectives: (i) to determine at any level a critical (Mintra) temperature,
such that if the ambient temperature exceeds this value then trails will

not be expected; (ii) to determine at any level a critical (Drytra) tempera—
ture, such that if the ambient temperature is less than this value then
trails will certainly be expected whatever the ambient humidity; (iii) when
the ambient temperature lies between the two critical values, to determine
the minimum ambient relative humidity which will permit formation of trailsj
(iv) to determine the length and persistence of trails in any given ambient
conditions.

There has been little theoretical or practical success with objective
(iii); on the contrary, both observations and theory indicate that the
humidity in this range is generally of secondary importance. Further,
the need for objective (iv) has become less as the speed of aircraft has
increased. The main forecasting need is therefore to specify the condi-
tions in which initiation of trails may or may not take place, that is,
to specify the critical temperatures at any height. For ambient tempe-
ratures between these limits, trail formation is more problematical,

While the effect of humidity is apparently small in this range, it should
perhaps be given some weight, particularly when the ambient temperature is
near one of the critical values, Although direct observations of humidity
are not available as a routine at the heights usually concerned, some in-
direct information is often available, and it is advisable to estimate the
humidity as best one can and to weight the forecast accordingly.

The forecasting of contrails depends then on (i) forecasting the am-
bient temperature for the path followed by the aircraft, including any
variations of height en route and if necessary the initial climb and
final descent; (ii) forecasting the ambient humidity for the path of
the aircraft; (iii) assessing the likelihood of trails at any stage of
the flight in terms of the relation of ambient temperature to the criti-
cal temperatures, and in teims of the humidity. Forecasting the
temperature is fully explained in Chapter 14 and need not be discussed
here. Humidity forecasts in the lower and middle troposphere are dis-
cussed in Chapter 15: forecasts of humidity in the upper troposphere are
difficult because of the absence of routine observations at those levels,
hence it is necessary to fall back on indirect information (see Chapter 15,
Section 15.6.3) or on statistical methods (Chapter 15, Section 15.5.5.3).
There are in use at present two basically different methods for forecasting
condensation trails, one by the British and the other by the United States
meteorological services,

19.6.1. BEmpirical forecasting

Helliwell and MacKenzie19 discussed observations made by a Canberra
jet aircraft of the Meteorological Research Flight. Meteorological
ovbservations, which included measurements with the Dobson-Brewer frost-
point hygrometer, were made by an observer in the aircraft, and by means
of a camera mounted in the tail, photographs of the trails were taken.
Further information was obtained by use of a second aircraft for observing
the trails made by the first. In general it was not possible to derive
the lengths of the trails at all precisely, so that for purposes of
analysis they were roughly grouped into three categories - short, medium
and long. For all available photographic observations, the depression
of ambient temperature below the Mintra was plotted against the frost-
point depression, and the estimated length of trail was noted; similarly
the plots of the observations were suitably labelled when they referred
to the tropopause or the stratosphere. The observations were found to
be grouped into fairly well defined zones according to the length of trail,
and the diagram was made the basis of an empirical method of forecasting.
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Helliwell's and MacKenzie's diagram has since been revised and some
additional observations included with the result as shown in Figure 19.1.
The original classification of the trails into three groups was thought
to be unrealistic because of the lack of precise measurements of their
length. The medium category was therefore merged with the other two, so
that the zoning now separates, necessarily somewhat roughly, areas of
long, short and no trails respectively. There is, moreover, little sug-
gestion in this diagram of dependence on ambient humidity. While there
are a few occurrences of trails at high relative humidity (frost-point
depression 6°C. or less) in association with temperatures within 10°C.
of the Mintra value, it should be realised that there must have been a
large number of flights in this region when no trails were formed but
nil reports were not recorded; the positive occurrences must represent
only a small proportion of all flights in this part of the diagram. The
following rules for empirical forecasts are based on the revised diagram:

(a) Temperature less than 11°C. below Mintra, trails in general
not expected.

(b) Temperature 11°C. to 14°C. below Mintra, short (non-
persistent) trails should be forecast.

(¢) Temperature more than 14°C. below Mintra, long
(persistent) trails should be forecast.

While these rules take no specific account of humidity, it is con-
sidered that (when the information is available) due weight should be
given to humidity when the temperature is near to one of the limiting
values. Moreover, it has already been suggested (Section 19.),) that
even if the initiation of trails shows little relation to ambient
humidity, persistence is likely to be affected by it. Further, it
should be remembered that trails have occurred occasionally at tempera-—
tures above the Mintra value.

This scheme of forecasting avoids a defined Drytra temperature, but
it is seen that_(Figure 19.5) the temperature 14°C. below Mintra, below
which long trails are to be forecast, is practically identical with
Appleman's zero per cent line or Drytra, the difference at any level .
being at most 1°C. The critical temperatures on this scheme, immediately
below which short trails are to be forecast, are about 6°C. below Appleman's
100 per cent humidity line.

19.6.2. Forecasting by Appleman's method

Appleman's forecasting diagram is shown in Figure 19.4. It may be
regarded as showing the minimum ambient relative humidity with respect to
water which will permit trail formation by a jet aircraft at any given
pressure and temperature. The diagram divides into three separate areas:
(1) if the temperature at the given pressure lies to the left of the zero
per cent relative humidity line, trails should form whatever the humidity;
this line therefore defines the Drytra temperaturesj (2) if the tempera-—
ture falls to the right of the 100 per cent humidity line, trails should
never form; (3) if the temperature falls between the zero and 100 per
cent lines, trails should form only if the ambient humidity is at least
equal to the value indicated at the corresponding point of the diagram.
For practical purposes it seems best to regard it as an empirical diagram.
When the zero and 100 per cent humidity lines are entered on the tephigram,
they have an immediate application to forecasting (see Figure 19.5).

Some tests of the validity of the diagram have been quoted in Section 19.3.5,
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where it was seen that a few per cent of the observations of trails
(including nil reports) occur on the wrong side of the respective criti-
cal line. No humidity measurements were available for those tests, but
measurements made by the Meteorological Research Flight indicate that
the occurrence of trails in this region shows little if any connection
with humidity. In the preceding section, the relationship between
Appleman's diagram and an empirical method based on Helliwell and
MacKenzie's observations has been noted.

A modification of Appleman's diagram for use with1Biston-engined
aircraft is described in an Air Weather Service Manual ~, The
modification arises mainly because of the greater dissipation of heat of
combustion outside the wake, in comparison with a jet aircraft.

19.6.3. Estimating the humidity

For use with Appleman's method, and also in border-line cases with the
empirical method of Section 19.6.1, it is desirable to have some estimate
of the ambient humidity. Since direct observations are unlikely to be
available, inferences have to be made on considerations as discussed in
Chapter 15, Sections 15.5 and 15.6. It is unnecessary in this connection
to consider the lower half of the troposphere, partly because radio-sonde
observations are available here, partly because condensation trails in this
part of the atmosphere are infrequent and in any case are unlikely to be
of operational importance. In the upper troposphere, estimates of
humidity should be weighted according to the presence or absence of cirri-
form cloud. In the stratosphere, relative humidity is usually (but not
invariably) very low and decreases further as the height above the tropo-
pause increases. There are several useful diagrams in Chapter 15,
showing variation of relative humidity (or frost point) with height in
various circumstances; in particular, Figure 15.24 of that chapter gives
a good idea of the range of frost-point depression observed by aircraft
of the Meteorological Research Flight. Since for forecasting condensation
trails a rough estimate of the humidity is all that is required and all
that is likely to be obtainable, rule of thumb methods are usegbl in giving
a quick and fairly satisfactory answer. For example, Clodman , from a
review of available observations, estimates average relative humidities
with respect to ice as follows:

In the troposphere:

no close association with cloud 50
close association with cloud 80
in thin cloud ’ 100

In the stratosphere:

close association with cloud 60
no close associztion with cloud:
just above the tropopause 20
5000 £t above the tropopause 10
8000 ft above the tropopause 7

A rough conversion to relative humidity with respect to water may be made
by multiplying these figures by 0.65. If no cloud information is
available, then for example Tables 15.5 or 15.6 of Chapter 15 may be used.
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19.6.4 Variation with height

Trails may form at any height attained by an aircraft provided the
temperature is suitable. At 1000 mb., the critical temperature is about
-30°C., so that trails can occur (and have been observed) at ground level
in high latitudes. In lower latitudes the usual decrease of temperature
with height explains why trails are mostly confined to the upper tropo-
sphere and lower stratosphere. At Larkhill the average height at which
trails would be expected to form, on the basis of Figure 19.5., ranges in
February from about 26,000 ft. to at least 70,000 ft.; in August the
range is from 30,000 ft. to only 45,000 ft., since the stratospheric
temperature is then too warm for trails to form above that height. The
difference in average height range between February and August illustrates
the fact that when an aircraft is climbing and making trails, these at
times continue to form (even when persistent) well into the stratosphere
(up to the ceiling height of the aircraft), while at other times they be-
come short or cease altogether, sooner or later, after entering the strato-
sphere. The cessation of trails in these cases is perhaps favoured by
the very low humidity often occurring in this region; in accordance with
the theories described above, cessation on reduction of humidity is most
likely to occur when the stratospheric temperature lies between the two
critical values, but if the temperature lies outside this range, then the
presence or absence of trails is, in theory at least, unrelated to the
humidity. In general, therefore, cessation of trails when aircraft enter
the stratosphere, or climb farther into the stratosphere, should occur if,
and only if, it would be expected on the basis of a forecast diagram such
as Figure 19.5.

In the troposphere, an apparent association between persistent trails
and the presence of cirriform cloud at the same level has been noted by
various writers, and similarly short trails or absence of trails are said
to show some relation to absence of cloud - the presence of cloud being
taken to indicate a high relative humidity at that level. This associa-
tion with cloud, in so far as it holds, has an obvious bearing on the
variation of trail formation with height. There are of course numerous
exceptions, in practice, to the suggested association; as with ascents
into the stratosphere, it is considered that humidity is important only
when the temperature, in relation to the critical values, leaves some
doubt as to the likelihood of trail formation. Nevertheless there is
likely to remain a residue of observations both of formation and of non-
formation of trails which is hard to account for by existing theories.
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